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Abstract
We construct adic, compactified eigenvarieties parameterizing adic overconvergent
Hilbert modular eigenforms of finite slope by constructing integral families of modular
sheaves on the relevant formal Shimura schemes.
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1 Background
During the 1990s, Robert Coleman constructed ﬁnite slope families of overconvergent,
elliptic modular forms parametrized by rigid analytic subspaces of the weight space in [6,
7]. This was an extension of Hida’s construction of ordinary families in the mid-1980s
in [10]. One striking diﬀerence was that while Hida’s theory was completely integral
and worked over formal schemes, Coleman’s theory was Qp-rigid analytic. Nevertheless,
Coleman observed that the characteristic series of the Up-operator acting on ﬁnite slope
p-adic families of overconvergent modular form had coeﬃcients in the Iwasawa algebra
(i.e., they were integral) and conjectured that there should exist an integral or positive
characteristic theory of overconvergent modular forms. Following Coleman’s intuition,
we obtained such a theory for elliptic modular forms in [3]. The present paper is an
extension of [3] to the case of Hilbert modular forms.
More precisely, in the present paper we accomplish the following. Let us ﬁrst ﬁx a totally
real number ﬁeld F of degree g over Q. Then let us recall (see, e.g., [2] or Sect. 8 of the
present paper) that there are two relevant algebraic groups attached to F , denoted by
G := ResF/QGL2 and G∗ := G ×ResF/QGm Gm.
From the point of view of automorphic forms, it is useful to work with modular forms
onG, but the Shimura variety associated withG is not a moduli space of abelian varieties.
Instead, the Shimura variety associated withG∗ is a moduli space of abelian varieties, and
so we ﬁrst construct our modular sheaves for modular forms onG∗, as in [2], and then we
descend these sheaves to the relevant varieties associated with G.
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1.1 Modular sheaves associated with G∗
This construction is accomplished in Sects. 1–7, where we work with toroidal compacti-
ﬁcations of the moduli spaces of abelian schemes with OF -multiplication and we have a
semi-abelian scheme which extends the universal abelian scheme.
To ﬁx ideas, let p denote a positive prime integer, T the torus ResF/QGm and let ΛF :=
ZpT(Zp) be the associated Iwasawa algebra. We denote by WF the analytic adic space
(called the weight space for modular forms on G∗) associated with the formal scheme
WF := SpfΛF and κun : T(Zp) −→ Λ×F the universal (weight) character. In particular, we
have a natural decomposition of the adic weight space WF = WrigF ∪ WF,∞, where WrigF
is the adic space associated with the rigid analytic generic ﬁber of Spf ΛF (so this is the
“old, p-adic weight space”) and
WF,∞ = {x ∈ WF ||p|x = 0},
sometimes called the “boundary of the weight space” and consisting in points with values
in characteristic p-rings.
Let now N ≥ 4 be an integer relatively prime to p and let M(μN , c) be the formal
scheme associated with a projective toroidal compactiﬁcation of the Shimura variety for
G∗ of level (μN , c). Here c is a fractional ideal of F (see Sect. 3 for more details).
Our main result is the construction of an integral family of sheaves of overconvergent
modular forms, parametrized by the formal spectrum of the Iwasawa algebra ΛF . This
overconvergent family extends the family of p-adic modular forms deﬁned by Katz [14]
and used by Hida in [11]. More precisely let us denote by W0F = SpfΛ0F the free” com-
ponent of WF , where Λ0F is a complete regular local ring of dimension g + 1 with max-
imal ideal m and let Z := M(μN , c) × W0F . We consider, for each r ≥ 0 the formal
scheme Zr , which should be thought of as a “formal neighborhood of the ordinary locus
in Z” and which is deﬁned as the formal scheme which represents the functor associ-
ated with every m-adically complete Λ0F -algebra R the set of equivalence classes of tuples
(h, ηp, η1, η2, . . . , ηg ), where h : SpfR −→ M(μN , c) is a morphism of formal schemes and
ηp, ηi ∈ H0(SpfR, h∗(detω(1−p)p
r+1
A )), i = 1, . . . , g satisfying
Hapr+1ηp = p mod p2,Hapr+1η1 = T1 mod p2, . . . ,Hapr+1ηg = Tg mod p2.
See Sect. 6.3 for the deﬁnition of the equivalence relation between such tuples. Here A
is the universal semi-abelian scheme over M(μN , c), denoted G in the main body of the
article, and T1, T2, . . . , Tg are chosen elements of m, which together with p generate it
(see Sect. 2.1 for more details). Let Mr be the base change, as formal schemes, of Zr to
WF . We construct, for each r ≥ 0, a coherent sheaf wκunr on Mr . Let Mr denote the adic
analytic space associated with Mr and ωunr the associated analytic coherent sheaf. Then
ωκ
un
r is invertible and it satisﬁes the following properties.
1. The restriction of ωunr to the rigid analytic space Mr ×Spa(Zp,Zp) Spa(Qp,Zp) is the
sheaf deﬁned in [2, Deﬁnition 3.6].
2. For all classical weights k · χ : T(Zp) −→ O∗Cp , where k is an algebraic weight and χ
a ﬁnite order character, the specialization of ωunr to k · χ is the restriction to Mr of
the sheaf ωkA(χ ) of classical modular forms of weight k and nebentypus χ .
3. The family of sheaves {ωunr }r≥0 is Frobenius compatible.
See Sect. 6.4.
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1.2 The modular sheaves associated with G
This construction is done in Sect. 8. Let WGF , κunG denote the formal weight space and
respectively the universal character associated with the Iwasawa algebraΛGF for the group
G and let WGF −→ WF be the natural morphism of formal schemes. Let now M(μN , c)G
denote the formal Shimura variety for the group G (i.e., the formal completion along the
special ﬁber of a projective, toroidal compactiﬁcation of the Shimura variety for G). The
toroidal compactiﬁcations for the Shimura varieties for G∗ and G can be chosen in such
a way that we have a natural morphism of formal schemes α : M(μN , c) −→ M(μN , c)G .
Moreover, if Δ denotes the quotient of the group of totally real units of OF by the square
of the units congruent to 1 modulo N , this ﬁnite group acts naturally on M(μN , c) by
multiplication on the polarizations, such that:
1. The morphism α is ﬁnite, étale and Galois with Galois group Δ. It follows that
M(μN , c)G ∼= (M(μN , c))/Δ.
2. For every r ≥ 0, we have a natural action of Δ on Mr ×WF WGF lifting to an action
on wκ
un
Gr , which is the pullback of wκ
un
r to Mr ×WF WGF . By ﬁnite étale descent, we
obtain a coherent sheaf, still denoted wκ
un
Gr , on Mr,G := (Mr ×WF WGF )/Δ.
3. If we denote by Mr,G the analytic adic space associated with the formal scheme
Mr,G and by ω
κunGr the associated coherent sheaf, then ω
κunGr is invertible and the
overconvergent modular forms for G are overconvergent sections of specializations
of this modular sheaf. As in [2], one can show by a cohomological argument that
specialization is surjective on cuspidal forms.
The spectral theory of the operatorUp on adic families of overconvergentmodular forms
allows us to construct an adic eigenvariety sitting over the analytic adic space associated
with the Iwasawa algebra ΛGF . See Sect. 8.6.
Finally, this article generalizes and is crucially based on both [2,3]. In particular, for
many arguments we refer to loc. cit. Let us point out what is really new here:
1. The boundaries of the weight spaces, for both G and G∗, are analytic spaces of
dimension g − 1. Therefore, the boundary overconvergent Hilbert modular forms
(i.e., theoverconvergentHilbertmodular forms in characteristicp) are parameterized
by positive dimensional analytic spaces if g > 1, i.e., live in true analytic families.
2. In [3], the universal integral modular sheaf wunr was a sheaf parameterized by the
formal blowup of the formal scheme SpfΛwith respect to the idealm. Therefore, the
descent to the Iwasawa algebra in this paper improves [3].
3. If p is ramiﬁed in OF , the descent of the perfect sheaves of overconvergent Hilbert
modular forms to ﬁnite levels by the use of Tate traces involves new problems due to
the non smoothness of the associated Hilbert modular varieties in characteristic p.
Remark 1.1 In [2] and also in this paper, we work with toroidal compactiﬁcations
M(μN , c) of the integral models of the Shimura varieties associated with G∗ deﬁned by
Deligne and Pappas [9], completing previous work of Rapoport [16]. These models are
singular at primes dividing the discriminant of F . One could use one of the splitting mod-
els ˜M(μN , c) → M(μN , c) of M(μN , c) introduced by Pappas and Rapoport [15]. Such
models depend on some auxiliary choices, namely an ordering of the embeddings of F
in an algebraic closure, but they have the advantage of being smooth. The given map
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is an isomorphism over an open dense subscheme (the Rapoport locus, see Sect. 3); in
particular, the two moduli spaces diﬀer only at primes p dividing the discriminant of F .
Recall that the complement of the Rapoport locus is characterized by the fact that the
sheafωG of invariant diﬀerentials of the versal semi-abelian schemeG overM(μN , c) is not
locally free asOF ⊗OM(μN ,c)-module. On the other hand on a splitting model, ωG admits
a ﬁltration by invertible O
˜M(μN ,c)
-modules, stable for the action of OF . These invertible
sheaves allow to deﬁne Hilbert modular forms of non-parallel weight over the whole of
˜M(μN , c).
For our purposes, i.e., the construction of modular sheaves, it makes no diﬀerence
which model we choose and we prefer to work with the minimal (and more canonical)
one, the Deligne–Pappas model. The main reason is the fact that the key ingredient in the
construction of the modular sheaves is the introduction of a diﬀerent integral structureF
of ωG which is locally free as OF ⊗ OIGn,r,I -module, e.g., even on the complement of the
Rapoport locus in the formal scheme IGn,r,I (see [2], Proposition 4.1, or Sect. 4.1 of the
present article).
Notations Let F be a totally real number ﬁeld. Denote by g the degree [F : Q]. Fix a prime
p. Denote by P1, . . . ,Pf the prime ideals of OF over p. For each i, let fi be the residual
degree and ei the ramiﬁcation index.Write p = P1 · · ·Pf for the product of all the primes
of OF above p. Set q = p if p > 2 and q = 4 if p = 2.
2 The weight space
2.1 The Iwasawa algebra
Denote byT := ResOF /ZGm and byΛF the completed group algebraZpT(Zp).Wewrite
κun : T(Zp) → Λ∗F
for the universal character. Fix an isomorphism of topological groups
ρ : H × Zgp → T(Zp) = (OF ⊗ Zp)∗
where H is the torsion subgroup of T(Zp). Write Λ0F for ZpZ
g
p ∼= ZpT1, . . . , Tg where
1+Ti = 
i, the ith vector basis ofZgp. It is a complete, regular, local ringwithmaximal ideal
m. Furthermore,ΛF ∼= Λ0F [H ] is a ﬁnite ﬂatΛ0F -algebra. Actually, there is also a canonical
projectionmapΛF → Λ0F obtainedby sending allh ∈ H to 1.We let κ : T(Zp) → (Λ0F ) be
the composition of κun and the above projection.We let χ : H → Λ∗F be the composition
of the inclusion H ↪→ T(Zp) and the universal character.
We denote by WF resp. W0F the m-adic formal scheme deﬁned by ΛF resp. Λ0F . Then
we have a natural map WF → W0F which is ﬁnite and ﬂat.
Remark 2.1 In [2], the weight space has been deﬁned over the ring of integers of a ﬁnite
extension K of Qp splitting F . The reason is that the classical weights are deﬁned over K .
Here we prefer to work over Zp. As a consequence, it will turn out that the characteristic
series of the Up operator will have coeﬃcients in the Iwasawa algebra ΛGF deﬁned in
Theorem 8.8, with no need to extend scalars.
2.2 A blowup of the formal weight space
Consider theblow-up ˜Spec ΛF of SpecΛF with respect to the idealm and let t : ˜WF → WF
be the associated m-adic formal scheme.
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Wedescribe inmore detail the formal scheme ˜WF . Notice that by the universal property
of the blowup, the ideal sheaf I := t−1(m) ⊂ O
˜WF is invertible. For every element α ∈ m,
we denote by Wα = D+(α) = Spf(Bα) ⊂ ˜WF the open aﬃne formal subscheme where I
is generated by α (Wα is empty unless α ∈ m\m2). In particular, the m-adic topology on
Bα coincides with the α-adic topology.
One has variants ˜W0F → W0F of the spaces introduced above and associated with the
sub-algebra Λ0F of ΛF . We also have a natural ﬁnite and ﬂat morphism ˜WF → ˜W0F . For
every elementα ∈ m, wewriteW0α = Spf(B0α) ⊂ ˜W0F for the open aﬃne formal subscheme
deﬁned by α.
2.3 The adic weight space
Let ˜WF be the analytic adic space associated with ˜WF . For all open Spf A of ˜WF , the
associated open of ˜WF is the open subset of analytic points Spa(A,A)an of Spa(A,A). For
every element α ∈ m, let Wα be the open subset of ˜WF consisting of the analytic points
of the adic space associated with Wα . Then Wα is aﬃnoid equal to Spa(Bα[α−1], Bα) =
Spa(Bα , Bα)an.
Choosing generators (p, T1, . . . , Tg ) of m then ˜WF is covered by the aﬃnoids
Wp,WT1 , . . . ,WTg .
We let WF be the analytic adic space associated with WF . Namely, WF consists of the
analytic points Spa(ΛF ,ΛF )an ⊂ Spa(ΛF ,ΛF ).Wedenote by t : ˜WF → WF themorphism
of analytic adic spaces associated with t : ˜WF → WF .
Lemma 2.2 The morphism t : ˜WF → WF is an isomorphism of adic spaces.
Proof For all α ∈ m, the subset {x ∈ WF , 0 = |α|x ≥ |β|x,∀β ∈ m} of WF equals Wα by
deﬁnition. Moreover, WF is covered by the Wα . The conclusion follows. unionsq
Remark 2.3 Let us denote by WBerkF the subset of rank 1 points of WF . Then there is a
map:
Θ : WBerkF → Pg (R)
x → (|p|x, |T1|x, . . . , |Tg |x
)
with image included in [0, 1[g+1. This mapmay be helpful in order to understandWF . Let
us denote by (x0, . . . , xg ) the coordinates on Pg (R). Then −1({x0 = 0}) is the set of rank
one points on the usual (adic) weight space over Spa(Qp,Zp) associated with ΛF .
Let us denote by W0F the analytic adic space attached to W0F . For every element α ∈ m,
we denote by W0α the analytic adic space associated with W0α .
Finally, let us remark that the classical weights are points of the subspace of WF where
p is invertible.
2.4 Properties of the universal character
2.4.1 Congruence properties
First of all, we need to elaborate on the identiﬁcation ρ : H × Zgp  (OF ⊗ Zp)∗ of the
previous section.
Lemma 2.4 (1) The groupH can be realized as a quotient of (OF ⊗Zp)∗/(1+qOF ⊗Zp).
Its prime to p part is isomorphic to (OF ⊗ Zp)∗/(1 + pOF ⊗ Zp).
(2) Given (a1, . . . , ag ) ∈ Zgp, we have κ(ρ(a1, . . . , ag )) = ∏gi=1(1 + Ti)ai ∈ (Λ0F )∗.
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Proof (1) The groupH is ﬁnite and its prime to p part maps isomorphically onto (OF ⊗
Zp)∗/(1+ pOF ⊗ Zp) via ρ. Denote by L the quotient (OF ⊗ Zp)∗/H . The subgroup
1 + qOF ⊗ Zp of (OF ⊗ Zp)∗ is isomorphic to q(OF ⊗ Zp), and hence to Zgp, via the
logarithm. In particular, it injects into L via the quotient map and the subgroupH of
(OF ⊗ Zp)∗ injects into (OF ⊗ Zp)∗/(1 + qOF ⊗ Zp). This proves the ﬁrst claim.
(2) The standard basis elements 
1, . . . , 
g of Zgp map to 1 + T1, . . . , 1 + Tg in Λ0F . unionsq
We deﬁne the following ideals in Λ0F :
• mn =
(
αp
n−1 , pαpn−2 , . . . , pn−1α,α ∈ (T1, . . . , Tg )
)
if n ≥ 1.
• m0 = m1 = (T1, . . . , Tg ).
Lemma 2.5 For every n ∈ Z≥1 we have that κ(ρ(pn−1Zgp)) − 1 ⊂ mn. In particular, we
have for all n ∈ Z≥1
κ
(
1 + qpn−1OF ⊗ Zp
) − 1 ⊂ mn.
Moreover, κ(T(Zp)) − 1 ⊂ m0.
Proof Note that κ(ρ(pn−1a1, . . . , pn−1ag )) = ∏gi=1(1 + Ti)p
n−1ai . One computes that
(1 + Ti)pn−1 − 1 is contained in the ideal (Tp
n−1
i , pT
pn−2
i , . . . , pn−1Ti); see [3, Lemme 2.3].
Notice that κ is trivial on H so that it factors via ρ(Zgp) ∼= (OF ⊗ Zp)∗/H . Furthermore,
(1 + qpn−1OF ⊗ Zp) = (1 + qOF ⊗ Zp)pn−1 (using the logarithm). In particular, (1 +
qpn−1OF ⊗ Zp) is contained in ρ(pn−1OF ⊗ Zp) via the identiﬁcation above. The second
claim follows. unionsq
2.4.2 A key lemma
We introduce a formalism inspired by Sen’s theory that will be repeatedly used in the
paper. Let n ∈ Z≥1 andA0 → A1 · · · → An be a tower ofΛ0F -algebras which are domains.
We assume that the group (OF/pnOF ) acts onAn by automorphisms ofΛ0F -algebras and
thatAs is the subring ofAn ﬁxed by the kernelHs of themap (OF/pnOF )∗ → (OF/psOF )∗.
Let h ∈ A0 and let p0 = 0 ≤ p1 ≤ · · · ≤ pn be a sequence of integers. Let cn ∈ h−pnAn
be an element. Set cs = ∑σ∈Hs σ · cn. We assume that:
• cs ∈ h−psAs for all s ≥ 0,
• c0 = 1.
Set bs = ∑σ∈(OF /psOF )∗ κ(σ˜ )σ (cs) ∈ h−psAs for s ≥ 1 and b0 = 1. Here σ˜ ∈ T(Zp) is a
lift of σ so that bs depends on cs and on the choices of lifts.
Lemma 2.6 1. Another system of choices of lifts σ˜ for the σ ’s would give an element b′s
and we have
• b′s − bs ∈ h−psmsAs if s ≥ 1, p ≥ 3,
• b′s − bs ∈ h−psms−1As if s ≥ 2, p = 2,
• b′1 − b1 ∈ h−p1m0A1 if p = 2.
2. We have the following congruence relations:
• bs − bs−1 ∈ h−psms−1As if s ≥ 1, p ≥ 3,
• bs − bs−1 ∈ h−psms−2As if s ≥ 2, p ≥ 3,
• b1 − b0 ∈ h−p1m0A0 if p = 2.
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Proof The ﬁrst point follows from Lemma 2.5. To prove the second point, assume that
s ≥ 1 and notice that
bs =
∑
τ∈(OF /ps−1OF )
κ(τ˜ )τ
⎛
⎝
∑
σ∈1+ps−1OF /psOF
(κ(σ˜ ) − 1)σ (cs) + cs−1
⎞
⎠
=
∑
τ∈(OF /ps−1OF )
κ(τ˜ )τ˜
⎛
⎝
∑
σ∈1+ps−1OF /psOF
(κ(σ˜ ) − 1)σ (cs)
⎞
⎠ + bs−1
One concludes by applying Lemma 2.5 and also using the ﬁrst point. unionsq
2.4.3 Analyticity of the universal character
We now study the analytic properties of the universal character. The degree of analyticity
depends on the p-adic valuation ofT1, . . . , Tg . Thismotivates the following deﬁnition. For
r
s ∈ Q≥1, we deﬁne the following rational open subsets of W0F :
• W0F,≤ rs = {x ∈ W
0
F , |αr |x ≤ |ps|x = 0, ∀α ∈ m},
• W0F,≥ rs = {x ∈ W
0
F , ∃α ∈ m, |ps|x ≤ |αr |x = 0}.
Set W0F,≤∞ := W0F . If I = [a, b] is a closed interval with a, b ∈ Q≥1 ∪ {∞}, deﬁne
W0F,I = W0F,≤b ∩ W0F,≥a. For all α ∈ m, we let W0α,I = W0F,I ∩ W0α .
Remark 2.7 If x ∈ W0α is a rank one point, then α is a pseudo-uniformizer of the residue
ﬁeld k(x). Let us denote by vα : k(x) → R ∪ {∞} the valuation on k(x) normalized by
vα(α) = 1. Notice that the norm p−vα (·) represents the equivalence class of | · |x. Then
x ∈ W0α,I if and only if vα(p) ∈ I .
We now construct formal models. Take an element α ∈ m. We deﬁne B0α,I =
H0(Wα,I,O+Wα,I ).
SetW0α,I = Spf B0α,I . The analytic ﬁber ofW0α,I is W0α,I . For various α’s, theW0α,I glue to
a formal scheme ˜W0F,I with analytic ﬁber W0F,I . Remark that ˜W0F,[1,∞] = ˜W0F .
If I ⊂ [0,∞[, then ˜W0F,I is a p-adic formal scheme (the m-adic topology is the p-adic
one). In the lemma below, Gm, Ga are considered as functors on the category of p-adic
formal schemes equipped with a structural morphism toW0F . Let 
 = 1 if p = 2 and 
 = 3
if p = 2. The group T(Zp) · (1 + pn+
OF ⊗ Ga) is a subgroup of Gm.
Proposition 2.8 Let n ≥ 0 be an integer. Suppose that I ⊂ [0, pn]. The character κ extends
to a pairing
˜W0F,I × T(Zp) ·
(
1 + pn+
OF ⊗ Ga
) −→ Gm.
It restricts to a pairing
˜W0F,I ×
(
1 + pn+
+n′OF ⊗ G+a
)
−→ 1 + qpn′Ga
for all n′ ∈ Z≥0.
Proof Easy and left to the reader. unionsq
3 Hilbert modular varieties and the Igusa tower
3.1 Hilbert modular varieties
We recall the deﬁnition of Hilbert modular varieties following [9,16].
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Fix an integer N ≥ 4 and a prime p not dividing N . Let c be a fractional ideal of F
and let c+ be the cone of totally positive elements. Denote by DF the diﬀerent ideal of
OF . Let M(μN , c) be the Hilbert modular scheme over Zp classifying triples (A, ι,Ψ , λ)
consisting of: (1) abelian schemesA → S of relative dimension g over S, (2) an embedding
ι : OF ⊂ EndS(A), (3) a closed immersion Ψ : μN ⊗ D−1F → A compatible with OF -
actions, and (4) if P ⊂ HomOF (A,A∨) is the sheaf for the étale topology on S of symmetric
OF -linear homomorphisms from A to the dual abelian scheme A∨ and if P+ ⊂ P is the
subset of polarizations, then λ is an isomorphism of étale sheaves λ : (P, P+) ∼= (c, c+), as
invertible OF -modules with a notion of positivity. The triple is subject to the condition
that themapA⊗OF c → A∨ is an isomorphism of abelian schemes (the so called Deligne–
Pappas condition).
We write M(μN , c) and M
∗(μN , c) for a projective toroidal compactiﬁcation, respec-
tively the minimal or Satake compactiﬁcation of M(μN , c) (see [16]). Let M(μN , c)
[resp.M∗(μN , c)] be the associated formal schemes. They are endowedwith a semi-abelian
scheme G with OF -action.
There exist maximal open subscheme, respectively formal subscheme MR(μN , c) ⊂
M(μN , c), resp.M
R(μN , c) ⊂ M(μN , c) such thatωG , the conormal sheaf to the identity of
G, is an invertibleOMR(μN ,c)⊗Z OF -module, resp.OMR(μN ,c)⊗Z OF -module (the so called
Rapoport condition). The complement is empty if p does not divide the discriminant of
F and, in general, it is of codimension 2 in the characteristic p special ﬁber of M(μN , c);
see [9].
We denote by Ha ∈ H0(M∗(μN , c)Fp , detωp−1G ) the Hasse invariant. We let Hdg ⊂
OM(μN ,c) be the Hodge ideal deﬁned by the Hasse invariant (see [3, §A.1] for a precise
deﬁnition: locally on M(μN , c) it is the ideal generated by p and a (any) lift of a local
generator of Ha detω1−pG ).
3.2 Canonical subgroups
Let A0 be a Zp-algebra and α ∈ A0 a nonzero element. We assume that A0 satisﬁes the
following:
(∗) A0 is an integral domain, and it is the α-adic completion of a Zp-algebra of ﬁnite
type and p ∈ αA0.
LetM(μN , c) ×Spec Zp Spec A0 be the base change of the toroidal compactiﬁcation via
Spec A0 → Spec Zp and let Y be the associated formal scheme over Spf A0.
Definition 3.1 For every integer r ∈ N denote by Yr → Y the formal scheme over Y
representing the functor which to anyα-adically completeA0-algebraRwithoutα-torsion
associates the equivalence classes of pairs (h : Spf R → Y, η ∈ H0(Spf R, h∗ detω(1−p)pr+1G )
such that
Hapr+1η = α mod p2.
Two pairs (h, η) et (h′, η′) are declared equivalent if h = h′ and η = η′(1 + p2
α
u) for some
u ∈ R.
We also denote byYRr ⊂ Yr the open formal subscheme where the Rapoport condition
holds (see Sect. 3).
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Proposition 3.2 Assume that p ∈ αpkA0. Then for every integer 1 ≤ n ≤ r + k one has a
canonical subgroup schemeHn of G[pn] overYr andHn modulo pHdg−
pn−1
p−1 lifts the kernel
of the nth power of Frobenius. Moreover, Hn is ﬁnite ﬂat and locally of rank png , it is stable
under the action of OF , and the Cartier dual HDn is étale locally over A0[α−1] isomorphic
to OF/pn (as OF -module).
Proof All claims follow from [3, Appendix A]. unionsq
Proposition 3.3 For every r ∈ Z≥2, the isogeny givenbydividingby the canonical subgroup
H1 of level 1 deﬁnes a ﬁnite morphism φ : Yr → Yr−1. The restriction to the Rapoport
locus φ : YRr → YRr−1 is ﬁnite and ﬂat of degree pg .
Proof This is the content of [3, Cor. A.2] which is written for general p-divisible groups.
The last claim follows as relative Frobenius is ﬁnite and it is ﬂat over the (smooth)Rapoport
locus. unionsq
3.3 The partial Igusa tower
3.3.1 Construction
We use the notations of the previous section. Let A := A0[α−1]: It is a Tate ring in the
sense of Huber [12] with ring of deﬁnition A0. Let A+ ⊂ A be the normalization of A0 in
A. The fact that A0 is noetherian implies that Spa(A,A+) is an adic space; [13, Thm. 2.2].
We deﬁne
Yr := Yadr ×Spa(A0 ,A0) Spa
(
A,A+
)
:
here Yadr , resp. Spa(A0, A0), is the adic space associated with the formal scheme Yr ,
resp. Spf A0, and the ﬁber product is taken in the category of adic spaces.
Assume that p ∈ αpkA0 and let r ∈ N and n ∈ N be an integer such that 1 ≤ n ≤ r+k . It
follows from Proposition 3.2 thatHDn over Yr is étale locally isomorphic toOF/pnOF . We
letIGn,r → Yr be theGalois cover for thegroup (OF/pnOF )∗ classifying the isomorphisms
OF/pnOF → HDn , as group schemes, equivariant for the OF -action.
We deﬁne IGn,r → Yr to be the formal scheme given by the normalization of Yr in
IGn,r . See [3, §3.2] for details. Such morphism is ﬁnite and is endowed with an action of
(OF/pnOF )∗. One then gets a sequence of ﬁnite, (OF/pr+kOF )∗-equivariant morphisms
IGr+k,r → IGr+k−1,r → · · · → Yr .
The morphisms h : IGn,r → IGn−1,r are ﬁnite and étale over Yr . In particular, there is
a trace map TrIG : h∗OIGn,r → OIGn−1,r .
3.3.2 Ramification
Proposition 3.4 We have
Hdgpn−1OIGn−1,r ⊂ TrIG
(
h∗OIGn,r
)
for every 1 ≤ n ≤ r + k.
Moreover, if p is unramiﬁed one has TrIG(h∗OIG1,r ) = OYr .
Proof The claim for n ≥ 2 follows arguing as in [3, Prop. 3.4]. We recall the argument.
By normality the natural map IGn,r → HDn over Yr , associated with an isomorphism
OF/pnOF → HDn the image of 1 ∈ OF/pnOF , extends to a morphism of formal schemes
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IGn,r → HDn over Yr . In particular, we get a commutative diagram of formal schemes
over Yr :
IGn,r HDn
IGn−1,r HDn−1,
which is cartesian over the analytic ﬁber Yr . In particular, IGn,r → IGn−1,r is the nor-
malization of the fppf (Hn/Hn−1)D-torsor over IGn−1,r obtained by the ﬁber product of
the diagram above. One reduces to prove the claimed result for the trace of the morphism
HDn → HDn−1 (over Yr), and this follows from the relation between the diﬀerent and the
trace and a careful analysis of the diﬀerent of (Hn/Hn−1)D given in [3, Cor. A.2].
We are left to discuss the case n = 1. If p is unramiﬁed, then the degree of IG1,r → Yr
is prime to p and the second claim of the proposition follows immediately. If p is ramiﬁed,
we let p be the product of all primes of OF over p. We introduce a variant of IG1,r by
setting IG′1,r to be the adic space overYr classifying isomorphismsOF/pOF → H1[p]D, as
group schemes, equivariant for the OF -action. Here H1[p] is the kernel of multiplication
by p on H1.
We have a natural map of adic spaces IG1,r → IG′1,r → Yr . Taking normalizations, we
get morphisms of formal schemes IG1,r → IG′1,r → Yr .
The degree of IG′1,r → Yr is the order of (OF/pOF )∗ which is prime to p so that
TrIG(h∗OIG′1,r ) = OYr . We are left to estimate the image of the trace map associated
with the morphism IG1,r → IG′1,r . Arguing as at the beginning of the proof we get a
commutative diagram of formal schemes over Yr , which is cartesian over Yr :
IG1,r HD1
IG′1,r H1[p]D
.
Thus IG1,r is the normalization of a torsor under (H1/H1[p])D. We have an exact
sequence 0 → (H1/H1[p])D → HD1 → (H1[p])D → 0. It follows that Hdg is contained in
the diﬀerent of (H1/H1[p])D over Yr and we conclude. unionsq
We immediately get the following
Corollary 3.5 Let Spf R be an open of Yr such that the ideal sheaf Hdg is trivial and
choose a generator H˜a. For every 0 ≤ n ≤ r + k there exist elements c0 = 1 and cn ∈
H˜a−
pn−1
p−1 OIGn,r (Spf R) for n ≥ 1 such that TrIG(cn) = cn−1 for every n ≥ 1.
3.3.3 Frobenius
Recall from Proposition 3.3 that we have a Frobenius map φ : Yr → Yr−1.
Proposition 3.6 There exists an (OF/pnOF )∗-equivariant map φ : IGn,r → IGn,r−1 lift-
ing the map φ : Yr → Yr−1.
Proof As IGn,r is constructed by normalizing Yr in IGn,r , it suﬃces to construct a lift
φ : IGn,r → IGn,r′ at the level of adic spaces.
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Notice that Hn+1/H1 is the canonical subgroup H ′n of level n of G′ = G/H1 thanks to
[3, cor. A.2]. As multiplication by p onHn+1 deﬁnes an isomorphismHn+1/H1 ∼= Hn and
hence an isomorphismHn ∼= H ′n (overYr). AnyOF -linear isomorphismmapOF/pnOF →
HDn deﬁnes an OF -linear isomorphism Ψ ′ : OF/pnOF → (H ′n)D. unionsq
3.4 The basic constructions
Recall from Sect. 2.2 that we have introduced an m-adic formal scheme ˜W0F , which is
a formal model of the weight space. It is characterized by the property that the inverse
image of the maximal ideal of Λ0F is an invertible ideal sheaf of O˜W0F .
For every element α ∈ m, we have denoted by W0α := Spf B0α the open formal aﬃne
subscheme of ˜W0F deﬁned by α. We have set W0α := Spa(B0α[α−1], B0α) to be the analytic
adic subspace of ˜W0F deﬁned by W0α .
Applying the construction of Sect. 3.2 with A0 = B0α , one obtains a formal scheme Xr,α
over W0α . Set Xr,α to be the associated analytic adic space over Wα .
For all choices of α, these formal schemes Xr,α glue into a formal scheme Xr → ˜W0F .
We let Xr → W0F be the analytic adic space associated with Xr .
Let I = [pk , pk ′ ] ⊂ [1,∞] be an interval. We deﬁned a formal scheme ˜W0F,I → ˜W0F and
now we consider Xr,I = Xr ×˜W0F ˜W
0
F,I and Xr,α,I = Xr,α ×W0α W0α,I .
Let n ∈ N be an integer such that 1 ≤ n ≤ r+k . Applying the considerations of Sect. 3.3,
we obtain an étale cover of adic spaces
IGn,r,α,I → Xr,α,I ,
for the group (OF/pnOF )∗, classifying the isomorphisms OF/pnOF → HDn , as group
schemes, equivariant for theOF -action. This is a morphism of adic spaces associated with
a morphism of formal schemes
IGn,r,α,I → Xr,α,I .
For variousα ∈ m, these adic spaces and formal schemes glue andweobtainIGn,r,I → Xr,I
and IGn,r,I → Xr,I .
3.4.1 Equations
In this subsection, we give local equations for some of the spaces deﬁned so far. We have:
B0α = ZpT1, . . . , Tg
〈 p
α
, T1
α
, . . . ,
Tg
α
〉
.
If α ∈ m\m2, this is a regular ring. Otherwise, this ring is 0. Consider an interval
I = [pk , ph] with k ≥ 0 an integer and h ≥ k an integer or h = ∞. Take α ∈ m\m2. If
1 ∈ I and α = p, then B0α,I = Bα . If α = p and 1 /∈ I , B0α,I = 0. Assume now that α = p.
1. If h = ∞, then B0α,I = ZpT1, . . . , Tg〈T1α , . . . ,
Tg
α
, u, v〉/(αpk v − p, uv − αph−k ),
2. If h = ∞, then B0α,I = ZpT1, . . . , Tg〈T1α , . . . ,
Tg
α
, u〉/(αpk u − p).
In the second case, B0α,I is a regular ring and, in particular, it is normal. In the ﬁrst
case, one checks that Bα,I is normal by verifying that it is Cohen–Macaulay and regular in
codimension 1 (Serre’s criterion).
LetU := Spf A be a formal open aﬃne subscheme ofM(μN , c) over which ωG is trivial.
Let H˜a be a lift of Ha. The inverse image of U in Xr,α,[pk ,∞] is Spf R with
R := A⊗ˆZpB0α〈u, w〉
/(
wH˜ap
r+1 − α,αpk u − p
)
.
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Similarly for integers 0 ≤ k ≤ h the inverse image of U in Xr,α,[pk ,ph] is Spf R′ with
R′ := A⊗ˆZpB0α〈u, v, w〉
/(
wH˜ap
r+1 − α,αpk uk − p, ukvh − αph−k
)
.
Lemma 3.7 The rings R and R′ are normal.
Proof The ring B0α〈u, w〉/(αpk u− p) is Cohen–Macaulay, and the algebra A⊗ˆZpB0α〈u, w〉/
(αpk u− p) is B0α〈u, w〉/(αpk u− p)-ﬂat. Moreover, A is Cohen–Macaulay and ﬂat over Zp;
thus A/pA is also Cohen–Macaulay. As a result, A⊗ˆZpB0α〈u, w〉/(αpk u − p) is Cohen–
Macaulay over B0α〈u, w〉/(αpk u − p), so it is Cohen–Macaulay. Since R is a complete
intersection in A⊗ˆZpB0α〈u, w〉/(αpk u − p), it is Cohen–Macaulay. Let us check that R is
regular in codimension 1. Let P be a codimension 1 prime ideal of R. Then RP is easily
seen to be regular if α /∈ P. Assume that α lies in P. Then P is a generic point of
A/pA ⊗Fp
(
B0α/αB0α
)
[u, w]/
(
wHapr+1
)
.
Either Hapr+1 ∈ P and in that case P maps to the generic point P′ of an irreducible
component of A/(pA,Ha). By Andreatta and Goren [1] the ring (A/pA)P′ is a DVR so let
t be a generator of its maximal ideal. If tˆ denotes a lift of t in R, then tˆ is a generator of
the maximal ideal of RP and we are done. Otherwise, w ∈ P and in that case P maps to
a generic point of A/pA, and w is a generator of the maximal ideal of RP. The normality
of the ring R′ follows along similar lines. unionsq
Corollary 3.8 The formal schemes Xr,[pk ,ph] are normal.
4 Overconvergent modular sheaves in characteristic 0
In this section, we will construct sheaves of overconvergent Hilbert modular forms over
the adic spaceWF\{|p| = 0}. This was already accomplished in [2], but our goal now is to
provide canonical integral models for the modular sheaves constructed in [2].
4.1 Amodified integral structure on ωG
Fix an interval I = [pk , pk ′ ] with k and k ′ integers such that k ′ ≥ k ≥ 0. Let r ∈ Z≥1
and ﬁx a positive integer n with n ≤ r + k . Let G be the semi-abelian scheme over Xr,I . It
follows from Proposition 3.2 that there exists a canonical subgroup Hn ⊂ G[pn].
Let gn : IGn,r,I → Xr,I be the partial Igusa tower deﬁned in Sect. 3.4. Let ωG be the
sheaf of invariant diﬀerentials of G. It follows from [3, Cor. A.2] that the kernel of the
map ωG/pnωG → ωHn is annihilated by Hdg
pn−1
p−1 ωG . We deduce that the projection map
ωG → ωG/pnHdg−
pn−1
p−1 ωG factors via ωHn . One then has a commutative diagram of fppf
sheaves of abelian groups over Xr,I :
ωG
HDn
HT ωHn
ωG/pnHdg−
pn−1
p−1 ωG
.
where all vertical arrows are surjective and the horizontal arrow is the Hodge–Tate map.
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Over IGn,r,I we have a universal section P ∈ HDn which is the image of 1 via the universal
morphism ψn : OF/pnOF → HDn .
Proposition 4.1 Let F be the inverse image in ωG of the OIGn,r,I -submodule of
ωG/pnHdg−
pn−1
p−1 ωG spanned by HT(P). Then F is a locally free OF ⊗ OIGn,r,I -module
of rank 1, the cokernel of F ⊂ ωG is annihilated byHdg
1
p−1 , and the mapHT ◦ ψn deﬁnes
an isomorphism of OF ⊗ OIGn,r,I -modules:
HT′ : OF ⊗ OIGn,r,I /pnHdg−
pn
p−1 OIGn,r,I ∼= F/pnHdg−
pn
p−1 F .
Proof This is a variant of [2, Prop. 3.4]. Let U := Spf R ⊂ IGn,r,I be an open
formal aﬃne subscheme such that ωG|U is free of rank g as an R-module. Write
M ∈ Mn×n(R/pnHdg−
pn−1
p−1 R) for the matrix of the linearization of the map HT over
U . Thanks to [3, prop. A.3] it has determinant ideal equal to Hdg
1
p−1 . In particular,
Hdg
1
p−1 ωG/pnHdg−
pn−1
p−1 ωG lies in the span of HT(P).
Let M ∈ Mn×n(R) be any lift of M. Its determinant δ is Hdg
1
p−1 (up to unit). Let
S ⊂ ωG|U be the submodule spanned by the columns of M. Then δωG ⊂ S . Since
pnHdg−
pn−1
p−1 ωG = pnHdg−
pn
p−1 · δωG ⊂ S one deduces that F |U coincides with the S . In
particular, it is a free R-module of rank g . By deﬁnition it is stable for the action of OF .
For every x ∈ OF/pnOF , the image y ∈ HT(ψn(x)) lies by construction in the image
of S in ωG/pnHdg−
pn−1
p−1 ωG . As Hdg−
pn
p−1 = Hdg− p
n−1
p−1 · Hdg 1p−1 and as ωG/F is anni-
hilated by Hdg
1
p−1 , it follows that any two lifts y′ and y′′ in S diﬀer by an element
lying in Hdg−
pn−1
p−1 · Hdg 1p−1 ωG = Hdg−
pn−1
p−1 · S . We then get a well-deﬁned map
OF/pnOF → F/pnHdg−
pn
p−1 F inducing HT ◦ ψn when composed with the projection
to ωG/pnHdg−
pn
p−1 FωG . This provides the HT′. By construction, its restriction to U is a
surjective map of free R/pnHdg−
pn
p−1R-modules of rank g and hence it is an isomorphism.
It follows that S = F |U is a free OF ⊗ R-module of rank 1 concluding the proof of the
proposition. unionsq
We denote by fn : Fn,r,I → IGn,r,I the torsor for the group 1 + pnHdg−
pn
p−1 ResOF /ZGa
deﬁned by
Fn,r,I (R) :=
{
ω ∈ F , ω = HT′(1) in F/pnHdg− p
n−1
p−1 F
}
.
One has an action of (OF ⊗ Zp)∗ on Fn,r,I , lifting the action of (OF/pnOF )∗ on IGn,r,I ,
given by λ · (ω, 1) = (λω, λ). We then get a well-deﬁned action of the group (OF ⊗ Zp)∗ ·
(1 + pnHdg− p
n
p−1 ResOF /ZGa) on Fn,r,I .
4.2 The sheaves of overconvergent forms
Fix an interval I = [pk , pk ′ ] with k and k ′ integers such that k ′ ≥ k ≥ 0. Let r, n ∈ Z≥0.
We assume that r ≥ 3, r + k ≥ n ≥ k ′ + 2 (resp. r + k ≥ n ≥ k ′ + 4 if p = 2). Set
n′ = n − k ′ − 2 (resp. n′ = n − k ′ − 4 if p = 2).
Lemma 4.2 We have pHdg−pn ⊂ OIGn,r,I . In particular, pnHdg−
pn
p−1 ⊂ pk ′+1OIGn,r,I
(resp. ⊂ pk ′+3OIGn,r,I if p = 2).
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Proof The claim is local on IGn,r,I . Let α ∈ m\m2. We prove the claim over an open
U = Spf R ⊂ IGn,r,α,I over the open W0α,I = Spf B0α,I of ˜W0F . By construction, we have
p/αpk ∈ B0α,I and αHdg−p
r+1 ⊂ R. Hence, pHdg−pr+k+1 ⊂ R. In particular, pHdg−pn ⊂ R
and the second claim follows. unionsq
Proposition 2.8 implies that the character κ extends to a character
κ : (OF ⊗ Zp)∗ ·
(
1 + pnHdg− p
n
p−1 ResOF /ZGa
)
→ Gm
over W0F,I .
Deﬁne w1n,r,I = fn,∗OFn,r,I [κ−1] as the subsheaf of fn,∗OFn,r,Iof sections transforming
according to the character κ−1 under the action of 1 + pnHdg− p
n
p−1 ResOF /ZGa. It is an
invertible sheaf over IGn,r,I . Deﬁnewn,r,I ⊂ gn,∗w1n,r,I as the subsheaf of (gn ◦ fn)∗OFn,r,I of
κ−1-equivariant sections for the action of (OF ⊗ Zp)∗ · (1 + pnHdg−
pn
p−1 ResOF /ZGa).
Proposition 4.3 The sheaf wn,r,I is an invertible OXr,I -module of rank 1.
The rest of this section is devoted to the proof of Proposition 4.3. We follow closely
[3, §5] by starting with the following:
Lemma 4.4 Let (OXr,I )00 be the ideal of topologically nilpotent elements ofOXr,I . Suppose
that r ≥ 1 (resp. r ≥ 2 if p = 2). Then κ((OF ⊗ Zp)∗) − 1 ⊂ Hdg(OXr,I )00 and for every
integer  such that 2 ≤  ≤ r + k we have
κ
(
1 + p−1OF ⊗ Zp
)
− 1 ⊂ Hdg p
−1
p−1
(OXr,I
)00 .
Proof We deal with the case p = 2 leaving to the reader the case p = 2. The claim
is local on Xr,I . We restrict ourselves to an open formal aﬃne subscheme U = Spf R
mapping to the open W0α of ˜W0F deﬁned by an element α ∈ m\m2. By construction,
κ((OF ⊗ Zp)∗) − 1 ⊂ αB0α and since αHdg−1 ⊂ (OXr,I )00, we can conclude that the ﬁrst
point holds. Using Lemma2.5, we see that for  ≥ 2,we have that κ(1+p−1OF⊗Zp)−1 ⊂
(αp−2 , p)B0α . Arguing as in Lemma 4.2 we deduce from the assumption that  ≤ r + k
that pHdg−p ∈ (OXr,I )00. On the other hand as r ≥ 1, then α ∈ Hdgp
2OXr,I so that
αp
−2 ∈ HdgpOXr,I . As p
−1
p−1 < p, it follows that αp
−2Hdg−
p−1
p−1 ⊂ (OXr,I )00. unionsq
We also have the following:
Lemma 4.5 The inclusion OIGn,r,I → fn,∗OFn,r,I deﬁnes an isomorphism
OIGn,r,I /qpn
′OIGn,r,I → w1n,r,I/qpn
′
w1n,r,I .
Proof Consider an open formal aﬃne subscheme U = Spf R ⊂ IGn,r,I mapping to the
open formal subscheme W0α of ˜W0F deﬁned by some α ∈ m\m2. Assume that ωG|U is
free. The choice of an element s˜ ∈ F |U lifting s := HT′(1) deﬁnes a section of the
morphism Fn,r,I |U ∼= IGn,r,I |U and hence an isomorphism fs˜ : w1n,r,I |U → OIGn,r,I |U given
by evaluating the functions at s˜.
Two diﬀerent lifts s˜ and s˜′ diﬀer by an element of 1 + pnHdg− p
n
p−1 OF ⊗ R thanks to
Proposition 4.1. Proposition 4.2 implies that 1+pnHdg− p
n
p−1 OF ⊗R ⊂ 1+pk ′+1+n′OF ⊗R
(resp. 1+ pk ′+3+n′OF ⊗R if p = 2). As I = [pk , pk ′ ] we conclude that κ(1+ pk ′+1+n′OF ⊗
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R) ⊂ 1+pn′+1R (and similarly κ(1+pk ′+3+n′OF ⊗R) ⊂ 1+qpn′R for p = 2). Thus fs˜ ≡ fs˜′
modulo qpn′ . This provides the inverse to the isomorphism in the lemma. unionsq
Let U = Spf R be an open aﬃne formal subscheme of Xr,I . Suppose that ωG is free over
U . Thanks to Corollary 3.5 for every nonnegative integer n such that 0 ≤ n ≤ r + k there
exist elements c0 = 1 and cn ∈ H˜a−
pn−1
p−1 OIGn,r (SpfR) for n ≥ 1 such that TrIG(cn) = cn−1
for every n ≥ 1. If n satisﬁes r + k ≥ n ≥ k ′ + 3 (resp. n ≥ k ′ + 4 if p = 2), we deﬁne a
projector:
ecn : gn,∗w1n,r,I (R) → H˜a−
pn−1
p−1 wn,r,I (R)
s →
∑
σ∈(OF /pnOF )∗
κ(σ )σ (cns)
The following lemma proves Proposition 4.3:
Lemma 4.6 Let s ∈ gn,∗w1n,r,I (R) be an element such that s ≡ 1 mod p (in the sense of
Lemma 4.5). Then ecn (s) ∈ wn,r,I (R) and wn,r,I (R) is the free R-module generated by ecn (s).
Proof The proof is entirely analogous to the proof of [3, Lemme 5.4]. Write s = 1 + ph
for a section h ∈ Fn,r,I (R). We get
ecn (s) =
∑
σ∈(OF /pnOF )∗
κ (σ˜ ) σ˜ (cn) + p
∑
σ∈(OF /pnOF )∗
κ (σ˜ ) σ˜ (cnh).
In this formula, σ˜ is an arbitrary lift of σ to T(Zp). Since H˜ap
r+k+1 | p and pn−1p−1 <
pr+k+1, it follows that p
∑
σ∈(OF /pnOF )∗ κ(σ˜ )σ˜ (cnh) ∈ R00Fn,r,I (R) where R00 is the ideal
of topologically nilpotent elements in R.
We need to show that
∑
σ∈(OF /pnOF )∗
κ (σ˜ ) σ˜ (cn) ∈ 1 + R00Fn,r,I (R).
This follows from Lemmas 2.6 and 4.4. As a consequence, ecn (s) belongs town,r,I (R) and
one checks easily that it is a generator using the normality of R as in [3, Lemme 5.4]. unionsq
4.3 Properties ofwn,r,I
4.3.1 Functoriality
Fix intervals I ′ ⊂ I , r′ and r such that r′ ≥ r and integers n′ ≥ n so that (I ′, r′, n′) and
(I, r, n) satisfy the assumptions given at the beginning of Sect. 4.2. We have the following
commutative diagram:
Fn′ ,r′ ,I ′ Fn,r,I
IGn′ ,r′ ,I ′ IGn,r,I
Xr′ ,I ′
ι
Xr,I
which induces a morphism of OXr′ ,I ′ -modules:
ι∗wn,r,I → wn′ ,r′ ,I ′ .
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Proposition 4.7 The morphism above is an isomorphism.
Proof Consider OXr′ ,I ′ → ι∗w−1n,r,I ⊗ wn′ ,r′ ,I ′ . This last sheaf is the subsheaf of (gn′ ◦
fn′ )∗OFn′ ,r′ ,I ′ consisting of sections on which (OF ⊗ Zp)∗ · (1+ pn
′Hdg−
pn′
p−1 OF ⊗ Zp) acts
trivially. This coincides with the sheaf OXr′ ,I ′ by the normality of Xr′ ,I ′ . The composite
map
OXr′ ,I ′ → ι∗w−1n,r,I ⊗ wn′ ,r′ ,I ′ → OXr′ ,I ′
is the identity. This proves the claim. unionsq
We simplify the notations and write wI instead of wn,r,I .
4.3.2 Frobenius
Propositions 3.3 and 3.6 provide compatible morphisms φ : Xr,I → Xr−1,I and
IGn+1,r,I → IGn,r−1,I obtained by composing the projection IGn+1,r,I → IGn,r,I and
the Frobenius map φ : IGn,r,I → IGn,r−1,I . Let us recall the description of the mor-
phism IGn+1,r,I → IGn,r−1,I . Let F : G → G/H1 = G′ be the canonical isogeny
between the semi-abelian schemes G over Xr,I and G′ over Xr−1,I . This morphism
induces a surjective morphism of canonical subgroups Hn+1 → Hn+1/H1 ∼= H ′n of G
and G′ respectively. Dualizing we get an injective morphism FD : H ′Dn → HDn+1. The
map φ : IGn+1,r,I → IGn,r′ ,I associates with a morphism ψ : OF/pn+1OF → HDn+1 the
morphism ψ ′ : OF/pnOF → H ′Dn making the following diagram commute:
OF/pn+1OF
ψ HDn+1
OF/pnOF
×p
ψ ′
H ′ ,Dn
FD
We then get the commutative diagram:
Fn+1,r,I Fn,r′ ,I
IGn+1,r,I IGn,r′ ,I
Xr,I
φ
Xr′ ,I
where the morphism Fn+1,r,I → Fn,r−1,I is given by mapping a diﬀerential w ∈ F to
pw ∈ F ′ ⊂ ωG′ . One checks that this is well deﬁned by using the following commutative
diagram:
H ′ ,Dn
HT
HDn+1
HT
ωG′
F∗
ωG
and thus obtains a morphism φ∗wI → wI .
Proposition 4.8 The morphism φ∗wI → wI is an isomorphism.
Proof The proof is analogous to the proof of Proposition 4.7. unionsq
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5 Perfect overconvergent modular forms
In this section, we deﬁne a sheaf of perfect overconvergent Hilbert modular forms over
the weight space W0F and in the next we will show that one can undo the perfectization.
5.1 The anti-canonical tower
Let I = [pk , pk ′ ] ⊂ [1,+∞] and r, n ∈ Z≥0 and n ≤ r + k . As explained in Sect. 4.3.2 we
have compatible morphisms
IGn,r+1,I IGn,r,I
Xr+1,I
φ
Xr,I
Taking the limits, we get formal schemes IGn,∞,I → X∞,I over ˜W0F . Varying n we get
a tower of formal schemes · · · → IGn+2,∞,I → IGn+1,∞,I → IGn,∞,I . Let IG∞,∞,I be
the projective limit. As the index r varies now, we denote by Gr → Xr,I the semi-abelian
scheme and by Hdgr ⊂ OXr,I the Hodge ideal deﬁned by Gr .
Recall from Sect. 3.3 that associated with the ﬁnite morphism IGn,r,I → IGn−1,r,I we
have a trace map TrIG : OIGn,r,I → OIGn−1,r,I . These are compatible for varying r and
deﬁne a trace map TrIG : OIGn,∞,I → OIGn−1,∞,I .
Proposition 5.1 We have HdgsOIGn−1,∞,I ⊂ TrIG
(OIGn,∞,I ) for every s ≥ 1.
Proof Thanks to Proposition 3.4,wehaveHdgpn−1s OIGn−1,s,I ⊂ TrIG(h∗OIGn,s,I ). It follows
from [3, Cor. A.2] that Hdgps+1 = Hdgs. Since Hdgp
n−1
s OIGn−1,∞,I ⊂ TrIG(OIGn,∞,I ) and s
is arbitrary, the claim follows. unionsq
5.2 Tate traces
Let α ∈ m\m2. Denote by IG∞,∞,α,I → X∞,α,I the base change of the formal schemes
above to W0α,I → ˜W0F .
Let hr : X∞,α,I → Xr,α,I be the projection map onto the rth factor.
Proposition 5.2 One has Tate traces:
Trr : (hr)∗OX∞,α,I [1/α] → OXr,α,I [1/α]
such that f = limr→∞ Trr(f ). Moreover,
Trr
(
(hr)∗OX∞,α,I
) ⊂ α−1 · OXr,α,I
as soon as pr(p − 1) > 2g + 1.
Proof The proof follows closely the proof of [3, Proposition 6.2]. We ﬁrst provide the
analog of [3, §6.3.2 and §6.3.3] which reduces the proof to [3, Lemme 6.1].
For every nonnegative integer k ≥ r + 1, deﬁne B0
α,I,p−k := B0α,I [αp
−k ]. One proves
as in Sect. 3.4.1 that it is a normal ring. Let W0
α,I,p−k be the associated α-adic formal
scheme and let W0
α,I,p−k := Spa(B0α,I,p−k [α−1], B0α,I,p−k ]) be the associated analytic adic
space. Deﬁne Xr,α,I,p−k to be the ﬁber product Xr,α,I ×W0α,I W
0
α,I,p−k . Deﬁne Xr,α,I,p−(r+1)
to be the normalization of Xr,α,I in Xr,α,I,p−(r+1) (see Sect. 3.3). For general k ≥ r + 1
let Xr,α,I,p−k be the base change of Xr,α,I,p−(r+1) via the map W0α,I,p−k → W0α,I,p−(r+1) . The
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associated analytic adic space is Xr,α,I,p−k such that we have morphisms
Xr,α,I,p−k → Xr,α,I,p−(r+1) → Xr,α,I → M(μN , c) × W0α,I → M(μN , c). (1)
5.2.1 An explicit description of diagram (1) in Sect. 5.2
Let U := Spf A ⊂ M(μN , c) be an open formal aﬃne so that the sheaf ωG is trivial. We
will describe the ﬁber of the above chain of morphisms over U . Choose a lift of the Hasse
invariant viewed as a scalar H˜a.
The ﬁber of U in Xr,α,I,p−(r+1) is the formal spectrum of
R := Â⊗B0
α,I,p−(r+1)
〈
α1/p
r+1
H˜a
〉
= Â⊗B0
α,p−(r+1)〈u, v, w〉
/(
wH˜a − α1/pr+1 ,αpk v − p, uv − αpk′−k
)
.
Here the variable u and the equation uv − αpk′−k are missing in case k ′ = ∞. Arguing as
in the proof of Lemma 3.7, it follows that R is a normal ring.
Set Rk := R⊗B0
α,I,p−(r+1)
B0
α,I,p−k = Â⊗B0α,I,p−k 〈α
1/pr+1
H˜a 〉. It is ﬁnite and free as an R-module
with basis αa/pk for 0 ≤ a ≤ pk+1−r − 1. The associated formal scheme Spf Rk is the open
of Xr,α,I,p−k over the open U ⊂ X.
Then the restriction of the diagram (1) to U is given by the ring homomorphisms:
A → Â⊗B0α,I → Â⊗B0α,I
〈
α
H˜ap
r+1
〉
→ R → Rk . (2)
5.2.2 Frobenius
The Frobenius morphism of Proposition 3.3 deﬁnes a cartesian diagram
Xr,α,I,p−k
φ
Xr,α,I
φ
Xr−1,α,I,p−k Xr−1,α,I .
(3)
Due to Proposition 3.3, the morphism Xr,α,I,p−k → Xr−1,α,I,p−k is ﬁnite. Hence we get a
commutative diagram
Xr,α,I,p−k
φ
Xr,α,I,p−(r+1)
φ
Xr,α,I
φ
Xr−1,α,I,p−k Xr−1,α,I,p−(r+1) Xr−1,α,I
Over U = Spf A the morphism Xr,α,I,p−k → Xr−1,α,I,p−k is given by
Sk := Â⊗B0α,I,p−k
〈
α1/p
r
H˜a
〉
→ Â⊗B0
α,I,p−k
〈
α1/p
r+1
H˜a
〉
=: Rk . (4)
It is ﬁnite and modulo pα−1/pr is induced by the absolute Frobenius on A/pA. Indeed this
holds true modulo pH˜a−1 due to [3, Cor. A.2] and pH˜a−1 = (pα−1/pr ) · (α1/pr H˜a−1).
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5.2.3 The unramified case
We ﬁrst assume that p is unramiﬁed in F . This implies that A is formally smooth over Zp.
It follows from [3, Lemme 6.1] applied to the extension Sk ⊂ Rk that Sk [α−1] ⊂ Rk [α−1]
is a ﬁnite and ﬂat extension and that Tr(Rk ) ⊂ pgα−
(2g+1)
pr Sk . This implies that for all r′ ≥ r
and k ≥ r′ + 1,
Tr
φr′−r
(
OXr′ ,α,I,p−k
)
⊂ pgα−
2g+1
pr (p−1) OXr,α,I,p−k .
In particular, deﬁning
Trr := 1psg Trφs : hr,∗OXr+s,α,I
[
α−1
] → OXr,α,I
[
α−1
]
,
we deduce that, if pr(p − 1) > 2g + 1, the image of hr,∗OXr+s,α,I is contained in
α−1OXr,α,I,p−k ∩ OXr,α,I [α−1] which is α−1 · OXr,α,I since Xr,α,I,p−k → Xr,α,I is a ﬁnite and
dominant morphism and Xr,α,I is normal. The proposition follows from this. unionsq
5.2.4 The general case
We now drop the assumption that p is unramiﬁed in F . In this situation, M(μN , c) is not
formally smooth. Nevertheless, the Rapoport locus M(μN , c)R ⊂ M(μN , c) is the smooth
locus and its complement is of codimension at least 2. We let XRr,α,I,p−k ⊂ Xr,α,I,p−k be the
open formal subscheme where the Rapoport condition holds.
Arguing as in the unramiﬁed case, we obtain a map Trr := 1psg Trφs : hr,∗OXRr+s,α,I →
α−1OXRr,α,I .
Lemma 5.3 The formal scheme XRr,α,I is Zariski dense in Xr,α,I .
Proof This follows easily from the explicit equations. Note that we crucially use here that
the complement of the Rapoport locus is of codimension 1 in the non-ordinary locus of
the special ﬁber of M(μN , c). unionsq
Consider the following commutative diagram:
XRr+s,α,I
φs
Xr+s,α,I
φs
XRr,α,I Xr,α,I
We claim that it induces a commutative diagram:
OXr+s,α,I OXRr+s,α,I
Trr
α−1OXr,α,I α−1OXRr,α,I
Proof Indeed, let Spf R be an open formal subscheme ofXr,α,I . Take f ∈ OXr+s,α,I (R). Then
αTrr(f ) is inOXRr,α,I (R). Moreover, as the morphism φ
s : R[ 1
α
] → OXr,α,I (R)[ 1α ] is ﬁnite ﬂat,
we deduce that αTrr(f ) ∈ R[ 1p ]. Since R is normal, R = ∩QRQ where Q runs over all
codimension 1 prime ideals in R. Thus we are left to check that αTrr(f ) ∈ RQ whenever
p ∈ Q.
If α /∈ Q as wH˜apr+1 − α = 0, we deduce that the image of Q in M(μN , c) lies in the
ordinary locus and in particular in the Rapoport locus. Thus αTrr(f ) ∈ RQ. If α ∈ Q, then
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Q is a generic point of the special ﬁber of R and since the Rapoport locus is Zariski dense,
Q lies in the Rapoport locus. Thus αTrr(f ) ∈ RQ. unionsq
5.3 The sheaf of perfect, overconvergent Hilbert modular forms
Lemma 5.4 Let α ∈ m\m2. The sheaf OX∞,α,I is integrally closed in OX∞,α,I [1/α]. More-
over,
(OIG∞,∞,α,I
)(OF⊗Zp)∗ = OX∞,α,I .
Proof (1) Let U := Spf R be an open formal subscheme of X∞,α,I . For s large enough, it
is the inverse image of an open formal subscheme Spf Rs of Xs,α,I . Let f ∈ R[1/α]. For s
large enough, we have f = fs + h with fs ∈ Rs[1/α] and h ∈ R so that we may assume
that f ∈ Rs[1/α]. Let f n + f n−1an−1 + · · · + a0 = 0 with a0, . . ., an−1 ∈ R be an integral
relation.
Applying Trs one gets f n + f n−1Trh(an−1) + · · · + Trh(a0) = 0 and as ai ∈ R for
s large enough we have Trs(ai) ∈ R ∩ α−1Rs. For h ≥ 0 the morphism Rs → Rs+h
is a ﬁnite dominant morphism of normal rings. Hence Rs/α → Rs+h/α is injective so
that Rs/α → R/α is injective as well. We deduce that αTrs(ai) ∈ αRs and hence that
Trs(ai) ∈ Rs. Thus f is integral over Rs and, hence, f ∈ Rs proving the ﬁrst claim of the
lemma.
(2) The inverse image of Spf R in IGn,∞,α,I is equal to Spf Rn with Rn integral over R and
R[α−1] ⊂ Rn[α−1] ﬁnite and étale. In particular, (Rn[α−1])(OF /pnOF )∗ = R[α−1] so that
R(OF /p
nOF )∗n contains R and is integral over R and, hence by the ﬁrst claim, it must be equal
to R. Let R∞ be the inverse image of Spf R in IG∞,∞,α,I . Consider an element x ∈ R∞
ﬁxed by (OF ⊗ Zp)∗. There exists n large enough and xn ∈ Rn such that x − xn = αx′ for
some x′ ∈ R∞. In particular, x′ is ﬁxed by 1 + pnOF ⊗ Zp. Thanks to Proposition 5.1 for
every n′ ≥ n there exists an element cn′ ∈ R′n such that TrRn′/Rn (cn′ ) = α. In particular,
the higher cohomology groups of (1 + pnOF/pn′OF ) acting on Rn′ are annihilated by α.
For every s, there exists n(s) ≥ n such that x′ ∈ (Rn(s)/αs)1+pnOF⊗Zp and hence there
exists ys ∈ Rn such that ys ≡ αx′ modulo αs. We deduce that ys converges to an element
y for s → ∞ such that αx′ = y. Hence x ∈ R(OF /pnOF )∗n which is R by the ﬁrst part of the
argument. unionsq
Deﬁne wperfI to be the subsheaf of OX∞,I -modules of OIG∞,∞,I consisting of those sec-
tions transforming via the character κ−1 for the action of (OF ⊗ Zp)∗. Then:
Proposition 5.5 The sheafwperfI is an invertibleOX∞,I -module.Moreover, for every subin-
terval J ⊂ I the pullback of wperfI via the natural morphism ιJ,I : X∞,J → X∞,I coincides
with wperfJ .
Proof We prove the ﬁrst claim. Let U := Spf R be an open formal subscheme of
X∞,α,I . Suppose that Hdg1 is a principal ideal over Spf R with generator H˜a1. Let Spf Rn
(resp. SpfR∞) be the inverse image ofU inIGn,∞,α,I (resp. inIG∞,∞,α,I ). Due toCorollary
5.4 it suﬃces to exhibit an invertible element x ∈ R∞ such that σ (x) = κ−1(σ )x for every
σ ∈ (OF ⊗ Zp)∗.
Proposition 5.1 implies that there exist elements cn ∈ H˜a−11 Rn such that TrRn/Rn−1 (cn) =
cn−1 and c0 = 1. Deﬁne bn := ∑σ∈(OF /pnOF )∗ κ(σ˜ )σ (cn) ∈ H˜a
−1
1 Rn for n ≥ 1. Here
σ˜ ∈ T(Zp) is a lift of σ . It follows from Lemma 2.6 that bn converges to an element
Andreatta et al. Res Math Sci (2016) 3:34 Page 22 of 36
b∞ ∈ R∞ such that σ (b∞) = κ−1(σ )b∞ for every σ ∈ (OF ⊗ Zp)∗ and b∞ ≡ 1 modulo
α
H˜a1
R∞ so that b∞is invertible in R∞ as claimed.
The last claim can be proved as in Sect. 4.3. unionsq
6 Descent
In this section, we prove that the sheafwperfI deﬁned in Sect. 5.3 can be descended to some
ﬁnite level.
6.1 Comparison with the sheafwI
Consider an interval I = [pk , pk ′ ] with k and k ′ nonnegative integers. Thanks to Propo-
sition 4.3, we have an invertible sheaf wI over Xr,I . Recall that we have a projection map
hr : X∞,I → Xr,I . Then:
Proposition 6.1 There exists a canonical isomorphism wperfI  h∗rwI .
Proof Over X∞,α,I we have a chain of isogenies
· · ·Gn+r F→ Gn+r−1 → · · ·Gr
whereGs is the versal semi-abelian scheme overXs,I . Denote byCn,r ↪→ Gr[pn] the kernel
of (Fn)D : Gr[pn]D → Gr+n[pn]D). ClearlyCn,r = Hn(Gr+n)D. The isogeny F : Gr+1 → Gr
induces a morphism Cn,r+1 → Cn,r which is generically an isomorphism. Over IGn,∞,I
we have a universal morphism OF/pnOF → Hn(Gs)D for every s ≥ n − k . The map
Cn,s → Gs[pn]/Hn(Gs)  Hn(Gs)D is generically an isomorphism as both group schemes
are generically étale. Composing we then get an OF -equivariant map OF/pnOF → Cn,s
for every s ≥ n − k . Using the morphisms Cn,r+1 → Cn,r , we get an OF -equivariant
morphism OF/pnOF → Cn,r for every n which is generically an isomorphism. Passing to
the projective limit, we get a OF -equivariant map OF ⊗ Zp → limn Cn,r . Let HTun be the
image of 1 in limn Cn,r via the Hodge–Tate map limn Gr[pn] → ωGr . Then HTun deﬁnes
an (OF ⊗ Zp)∗-equivariant map:
IG∞,∞,I → Fn,r,I
ﬁtting in the commutative diagram:
IG∞,∞,I Fn,r,I
IGn,∞,I IGn,r,I
X∞,I
hr
Xr,I
We then get an injective homomorphism h∗rwI → wperfI . Moreover,
w
perf
I ⊗ h∗rw−1I ⊂
(OIG∞,∞,I
)(OF⊗Zp)∗ = OX∞,I
thanks to Corollary 5.4. unionsq
Corollary 6.2 We have a Tate trace map Trr : hr,∗wperfI → α−1wI , which is functorial
in I .
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6.2 Descent along the anti-canonical tower
Fix α ∈ m\m2. Let I = [1,∞].
Lemma 6.3 The natural morphisms of sheaves
OXr,α,I −→ limk+1≥k ′≥k≥0OXr,α,[pk ,pk′ ] and OX∞,α,I −→ limk+1≥k ′≥k≥0OX∞,α,[pk ,pk′ ]
are isomorphisms.
Proof Weprove the ﬁrst statement. The second follows arguing as in [3, Lemme 6.6] using
the Tate traces constructed in Proposition 5.2.
Let U := Spf A be a formal open aﬃne subscheme of M(μN , c) over which ωG is
trivial. Let H˜a be a lift of Ha. Arguing as in the proof of Lemma 3.7, one deduces that
the inverse image of U in Xr,α,I is Spf R with R := A ⊗Zp Bα〈u, w〉/(wH˜ar − α,αu − p)
and that for integers 1 ≤ h < k the inverse image of U in Xr,α,[ph,pk ] is Spf Rh,k with
Rh,k := R〈uh, vk〉/(αphuh − p, uhvk − αpk−ph ).
There are maps Rh,k → Rh′ ,k ′ for h ≤ h′ ≤ k ≤ k ′ given by uh → αph
′−phuh′ and
vk → αpk
′−pk vk ′ . The argument in [3, Lemme 6.4] shows that the map R → limk R1,k is
an isomorphism. This proves the claim. unionsq
Theorem 6.4 The sheaf wperfI descends to an invertible sheaf wI over Xr,α,I for r ≥
sup{4, 1 + logp 2g + 1} if p ≥ 3 and r ≥ sup{6, 1 + logp 2g + 1} if p = 2. More pre-
cisely,wI is the subsheaf ofOXr,α,I -modules ofwperfI characterized by the fact that for every
interval J = [pk , pk ′ ]with k ′ ≥ k ≥ 0 integers and denoting ιJ,I : Xr,α,J → Xr,α,I the natural
morphism, then ι∗J,IwI is the sheaf wJ of Proposition 4.3 compatibly with the identiﬁcation
of Proposition 6.1.
Moreover, wI is free of rank 1 over every formal aﬃne subscheme U ⊂ M(μN , c) such
that ωG|U is trivial.
Proof The proof is analogous to the proof of [3, Thm. 6.4]. We set
wI := lim
k+1≥k ′≥k≥0
w[pk ,pk′
],
where the limit is taken over integers k , k ′. Let U := Spf A be a formal open aﬃne
subscheme of M(μN , c) where ωG is trivial. LetW := Spf B be the inverse image of U in
Xr,α,I . We prove that wI |W is a free OW -module of rank 1 and it descends wperfI |W .
We prove the claim for the minimal r possible, i.e., r = 4 if p ≥ 3 and r = 6 for if p = 2.
Let H˜ar be a lift of the Hasse invariant over U . Thanks to Corollary 3.5 and Proposition
5.1, we can ﬁnd elements cn ∈ H˜a−
pn−1
p−1
r OIGn,r,α,I (W ) for integers n ≤ r and elements
cn ∈ H˜a−p
r
r OIGn,∞,α,I (W ) for general r ≤ n so that c0 = 1 and TrIG(cn) = cn−1. Deﬁne
bn = ∑σ∈(OF /pnOF )∗ κ(σ˜ )σ (cn) where σ˜ is a lift of σ in (OF ⊗ Zp)∗.
Using Lemma 2.6, we deduce that:
• The sequence bn converges to an element b∞,
• b∞ = 1 mod Ha−prα, and in particular, b∞ generates wperfI (W ),
• b∞ = br mod mr−1H˜a−p
r
(resp. mr−2H˜a−p
r
if p = 2).
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Consider an interval J = [pk , pk+1] and the commutative diagram:
IG∞,∞,α,I IG∞,∞,α,J Fk+r,r,α,J
IGk+r,∞,α,I IGk+r,∞,J IGk+r,r,α,J
X∞,α,I X∞,α,J
hr
Xr,α,J
Let T := Spf C be the inverse image ofW in Xr,α,J . Then wJ |T admits a generator f as
C-module constructed as follows. For every 0 ≤ n ≤ r+ k take c′n ∈ H˜a
− pn−1p−1
r OIGn,r,α,J (T )
such that c′0 = 1, TrIG(c′n) = c′n−1 and c′n = cn if n ≤ r. Take a section s ∈ OFk+r,r,α,J (T )
which is 1 mod p2 and which generates wr+k,r,J (T ) (see Lemma 4.5, and note that
1 = k + r − (k + 1) − 2 if p = 2 and 1 = k + r − (k + 1) − 4 if p = 2). Let
f := ∑σ∈(OF /pk+rOF )∗ κ(σ˜ )σ (c′r+k s).
Then
f =
∑
σ∈(OF /pk+rOF )∗
κ (σ˜ ) σ
(
c′r+k
)
mod Ha−
pr+k−1
p−1 p2
and it follows from 2.6 that
∑
σ∈(OF /pk+rOF )∗
κ (σ˜ ) σ
(
c′r+k
)
=
∑
σ∈(OF /prOF )∗
κ (σ˜ ) σ (cr) mod
(
mr−1H˜a−
pr−1
p−1 , . . . ,mr+k−1H˜a
− pr+k−1p−1
)
(
resp. mod
(
mr−2H˜a−
pr−1
p−1 , . . . ,mr+k−2H˜a
− pr+k−1p−1
)
if p = 2
)
.
Over the interval [pk , pk+1], we have p ∈ αpk B0α,I , and it follows that
mnB0α,I ⊂
(
αp
n−1 ,αpk+pn−2 , . . . ,α(n−1)pk+1
)
.
Moreover, α ∈ H˜a−pr+1T . Assume p = 2. We claim that
(
mr−1H˜a−
pr−1
p−1 , . . . ,mr+k−1H˜a
− pr+k−1p−1
)
⊂ (α2) .
It is enough to check that:
(
mr−1α−1,mrα−1, . . . ,mr+k−1α−p
k−1) ⊂ (α2)
where the term mr+k−1α−p
k−1 is missing if k = 0.
This boils down to the set of inequalities:
• 1 + 2 ≤ pr−2; 1 + 2 ≤ pk + pr−3; 1 + 2 ≤ 2pk + pr−4.
• for r ≤ n ≤ r + k − 1:
pn−r+1 + 2 ≤ pn−1; pn−r+1 + 2 ≤ pn−2 + pk ; . . . ; pn−r+1 + 2 ≤ (n − 1)pk + 1.
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When p = 2, one proves similarly that
(
mr−2H˜a−
pr−1
p−1 , . . . ,mr+k−2H˜a
− pr+k−1p−1
)
⊂ (α2) .
It follows that
f − b∞ ∈
(
α2, H˜a−
pr+k−1
p−1 p2
)
OIG∞,∞,α,J (T )
so that b∞ = (1+α2u+ H˜a−
pr+k−1
p−1 p2v)f for some elements u, v ∈ OX∞,α,J (T ). Taking the
Tate trace Trr : hr,∗OX∞,α,J → α−1OXr,α,J constructed in Proposition 5.2 we conclude that
Trr(b∞) = f (1 + α2Trr(u) + H˜a−
pr+k−1
p−1 p2Trr(v)). As Trr(u),Trr(v) ∈ α−1OXr,α,J (T ) by
Proposition 5.2, we deduce that Trr(b∞) is a generator of wJ |T . Since the construction of
Trr(b∞) is functorial in J we get thatwI (W ) = Trr(b∞) · limk+1≥k ′≥k≥0 OXr,α,[pk ,pk′ ] (W ) =
Trr(b∞)B thanks to Lemma 6.3. The theorem follows. unionsq
Proposition 6.5 The sheaves wI over each Xr,α,I glue to a sheaf still denoted wI over Xr,I .
Let φ : Xr+1,I → Xr,I be the Frobenius. We have an isomorphism
wI  φ∗wI .
Proof Due to Theorem 6.4, the sheaf wI over Xr,α,I is canonically determined by the
sheaves wperfI and the sheaves wJ for J = [pk , pk
′ ]. These glue for varying α and have
compatible Frobenius morphisms by Sect. 4.3.2. The claim follows. unionsq
6.3 Descent to the Iwasawa algebra
Let Z = M(μN , c) × W0F . For all r ≥ 0, let Zr be the m-adic formal scheme repre-
senting the functor which associates with any m-adically complete Λ0F -algebra R with-
out Λ0F -torsion the equivalence classes of tuples (h : Spf R → M(μN , c), ηp, η1, . . . , ηg ∈
H0(Spf R, h∗ detω(1−p)p
r+1
G )) such that
Hapr+1ηp = p mod p2, Hapr+1η1 = T1 mod p2, . . . ,Hapr+1ηg = Tg mod p2.
Two tuples (h, ηp, η1, . . . , ηg ) and (h′, ηp, η1, . . . , ηg ) are declared equivalent if h = h′ and
ηp = η′p(1 + pup), η1 = η′1 + ηppu1, . . . , ηg = η′g + ηppug
for some up, u1, . . . , ug ∈ R.
There is a cartesian diagram of formal schemes:
Xr
g
Zr
˜W0F W
0
F
Theorem 6.6 (1) The natural map OZr → gOXr is an isomorphism.
(2) The sheaf gwI (here I = [1,∞]) is an invertible sheaf over Zr and ggwI = wI .
Proof Let U := Spf A be a formal open aﬃne subscheme of M(μN , c) where ωG is
trivial. Let W := Spf B be the inverse image of U in Zr . In particular, we have ele-
mentsηp, η1, . . . , ηg such thatB = AT1, . . . , Tg〈ηp, η1, . . . , ηg 〉/(Hapr+1ηp−p,Hapr+1η1−
T1, . . . ,Hap
r+1
ηg − Tg ). Arguing as in Lemma 3.7 we deduce that B is normal.
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(1) The map g is the base change of the morphism ˜W0F → W0F which is the m-adic
completion of a blowup; therefore, it is proper. ThusC := gOXr (W ) is a ﬁnite B-module.
ThemapB → C is an isomorphismover theordinary locusofU and, hence, it is generically
an isomorphism. As Xr is also normal, it follows that B = C as claimed.
(2) Let Z := g−1W . Thanks to (1) it suﬃces to prove that wI |Z is a free OZ-module of
rank 1. Let Zperf be the inverse image of Z in X∞. We will actually prove that wperfI |Zperf
is a free OZperf -module of rank 1 and ﬁnd a generator b∞ whose trace will be a generator
of wI |Z .
We apply the construction of Sect. 3.3 with A0 = Zp. We thus obtain formal schemes
Ys together with partial Igusa towers IGYn,s → Ys for n ≤ s.
Passing to the limit over Frobenius, we obtain IGYn,∞ → Y∞. There is an obvious
commutative diagram:
IGn,r IGYn,r
Xr Yr
˜W0F W
0
F
As in Corollary 3.5, one deduces from Proposition 3.4 the existence of elements
c′n ∈ H˜a
− pn−1p−1
r OIGYn,r (W )
for integers n ≤ r and elements c′n ∈ H˜a−p
r
r OIGYn,∞ (W ) for general r ≤ n so that c′0 = 1
and TrIG(c′n) = c′n−1. We call cn the pull back of c′n inOIGn,∞ (Z). We can now repeat the
proof of Theorem 6.4 using these elements cn to obtain a trivialization b∞ of wperfI |Zperf
whose trace gives the trivialization of wI |Z . unionsq
We set wκ = gwI .
6.4 The main theorem
LetH be the torsion subgroup ofT(Zp). Let χ : H → ΛF be the restriction of the universal
character to H . Due to Lemma 2.4, it is a quotient of (OF/p2OF )∗ and we view χ as a
character of (OF/p2OF )∗. For all r ≥ 0, let
Mr := Zr ×W0F WF .
Let Mr be the analytic adic space associated with Mr . In other words, Mr is the open
subset of theM(μN , c) ×Spec Zp WF deﬁned by the conditions:
∣
∣
∣
∣
H˜ap
r+1
∣
∣
∣
∣
≥ sup
α∈m
{|α|},
where H˜a is a local lift of the Hasse invariant. Over Mr we have a canonical subgroup C2
of level 2. Let IGM2,r be the torsor of trivializations of CD2 . Let IGM2,r
h→ Mr be the
normalization. It carries an action of (OF/p2OF )∗.
Let wχ be the subsheaf of (h2)OIGM2,r where (OF/p2OF )∗ acts via the character
χ−1 : H → Λ∗F composed with the projection (OF/p2OF )∗ → H . This is a coherent
sheaf, invertible over the ordinary locus and over the analytic ﬁber Mr .
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We deﬁne wκun := (swκ ) ⊗ wχ where s : Mr → Zr is the projection. We let ωκun be
the associated sheaf over Mr .
Theorem 6.7 The sheaf ωκun over Mr enjoys the following properties:
1. the restriction of ωκun to the classical analytic spaceMr ×Spa(Zp,Zp) Spa(Qp,Zp) is the
sheaf deﬁned in [2, Def. 3.6];
2. for all locally algebraic weight kχ : T(Zp) → O∗Cp where k is an algebraic weight and
χ is a ﬁnite character, then ωκun |kχ = ωk (χ ) is the sheaf of weight k modular forms
and nebentypus χ .
3. If i : Mr+1 → Mr is the inclusion and φ : Mr+1 → Mr is the Frobenius, then we
have a canonical isomorphism iωκun  φωκun .
7 Overconvergent forms in characteristic p
Specializing the sheaf ωκun of Theorem 6.7 to characteristic p points of WF , we obtain
sheaves of overconvergent Hilbert modular forms in characteristic p. The goal of this
section is to describe them via a construction purely in characteristic p.
7.1 The characteristic p Igusa tower
LetM(μN , c)Fp be the special ﬁber ofM(μN , c) and denote byMord(μN , c)Fp the ordinary
locus. It is an open dense subscheme of M(μN , c)Fp , smooth over Spec Fp. Fix a positive
integer n. Over M(μN , c)Fp we have a canonical subgroup of level n, denoted by Hn. It
is the kernel of the nth power Frobenius map Fn : G → G(pn). The canonical subgroup
over Mord(μN , c)Fp is of multiplicative type and its dual HDn is étale locally isomorphic
to OF/pnOF . We denote by IGn,ord → Mord(μN , c)Fp the ﬁnite, étale and Galois cover
for the group (OF/pnOF )∗ of trivializations of HDn . Passing to the projective limit over n,
we get a scheme IG∞,ord overMord(μN , c)Fp . For every n deﬁne IGn → M(μN , c)Fp to be
the normalization ofM(μN , c)Fp in IGn,ord. The scheme IGn is ﬁnite overM(μN , c)Fp and
carries an action of the group (OF/pnOF )∗. It is characterized by the following universal
property:
Lemma 7.1 For every normal Fp-algebra R and every R-valued point x ∈ M(μN , c)(R)
such that the ordinary locus (Spec R)ord is dense in Spec R, the R-valued points of IGn over
x consist of the OF -equivariant morphisms OF/pnOF → HDn,x, which are isomorphisms
over (Spec R)ord. Here Hn,x is the pull back of the canonical subgroup to Spec R via x.
Let hn+1 : IGn+1 → IGn (with the convention IG0 = M(μN , c)Fp ). Let us denote by
TrIG : (hn+1)OIGn+1 → OIGn
the trace of this morphism.
Lemma 7.2 For all n ≥ 0, we have Hdgpn ⊂ TrIG
(
(hn+1)OIGn
)
.
Proof Similar to the proof of Proposition 3.4. unionsq
Corollary 7.3 Let Spec A be an open subset of M(μN , c)Fp such that the sheaf Hdg is
trivial. Let us identify Ha with a generator of Hdg. There is a sequence of elements c0 = 1,
cn ∈ Ha−
pn−1
p−1 OIGn (Spec A) for n ≥ 1 such that TrIG(cn) = cn−1.
Andreatta et al. Res Math Sci (2016) 3:34 Page 28 of 36
7.2 Formal schemes attached to the Hilbert modular variety in characteristic p
Letm be themaximal ideal (T1, . . . , Tg ) ofΛ0F/pΛ0F .We setW0F,{∞} = SpfΛ0F/pΛ0F . Recall
that ˜W0F,{∞} is the blowup of W0F,{∞} along m.
In Sect. 6.3, we deﬁne an m-adic formal scheme Zr → W0F . We set Zr,{∞} = Zr ×W0F
W0F,{∞}. Its ordinary locus is Zord,{∞} = Mord(μN , c)Fp ×Spec Fp Spf W0F,{∞}.
In Sect. 3.4, we deﬁne a formal scheme Xr,{∞} over ˜W0F,{∞} and it follows from the
deﬁnitions that:
Xr,{∞} = Zr,{∞} ×W0F,{∞} ˜W
0
F,{∞}.
Let IGZn,r,{∞} = IGn ×Spec Fp Zr,{∞} be the partial Igusa tower of level n over Zr,{∞}.
Passing to the limit over n, we get an m-adic formal scheme h : IGZ∞,r,{∞} → Zr,{∞}
which carries an action of T(Zp).
Lemma 7.4 1. The formal scheme IGZn,r,{∞} is normal.
2. We have IGn,r,{∞} = IGZn,r,{∞} ×Zr,{∞} Xr,{∞}, where IGn,r,{∞} is deﬁned in Sect. 3.4.
3. (hOIGZ∞,r,{∞} )T(Zp) = OZr,{∞} .
Proof Easy and left to the reader. unionsq
We have the following:
Proposition 7.5 For any normal, m-adically complete torsion free Λ0F/pΛ0F -algebra, the
R-valued points IGZn,r,∞(R) classify tuples (x, ηT1 , . . . , ηTg ,ψn) where
• x ∈ M(μN , c)(R),
• ηT1 , . . . , ηTg ∈ H0(R, detω(1−p)p
r+1
G ) satisfy Hap
r+1
ηTi = Ti,
• ψn : OF/pnOF → HDn is a OF -linear morphism of group schemes which is an isomor-
phism over (Spec R)ord.
7.3 Convergent Hilbert modular forms in characteristic p
Let κ : (OF ⊗Zp)∗ → (Λ0F/pΛ0F )∗ be the reductionmodulo p of the character κ . Following
Katz [14], we deﬁne
w{∞} := OIGZ∞,ord,{∞}
[
κ¯−1
]
.
It follows from loc. cit. that it is an invertible sheaf of OZord,{∞}-modules. Moreover, the
Frobenius on IGZ∞,ord,{∞} deﬁnes an isomorphism φ∗w{∞}  w{∞}.
7.4 Overconvergent Hilbert modular forms in characteristic p
Let h : IGZ∞,r,{∞} → Zr,{∞} be the structural morphism. As in the previous section, we
deﬁne the subsheaf w{∞} := h∗OIGZ∞,r,{∞} [κ¯−1] of h∗OIG∞,r,{∞} . It is a sheaf of OZr,{∞}-
modules. Our main theorem is
Theorem 7.6 Assume that r ≥ 2 (resp. r ≥ 3 if p = 2). Then the sheafw{∞} is an invertible
sheaf of OZr,{∞}-modules. Its restriction to Zord,{∞} is the sheaf deﬁned in Sect. 7.3.
Proof The proof is local onM(μN , c)Fp . Let SpecA be an open subset ofM(μN , c)Fp where
the Hodge ideal is trivial. We denote abusively Ha a generator. Let Spf R be the inverse
image of Spec A in Zr,{∞}, Spf Rn the inverse image in IGUn,r,{∞} and Spf R∞ the inverse
image in IGZ∞,r,{∞}. By Lemma 7.4, R
(OF⊗Zp)∗∞ = R. Thus to prove the theorem, it suﬃces
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to show that there exists an invertible element x ∈ R∞ such that σ (x) = κ−1(σ )x for every
σ ∈ (OF ⊗ Zp)∗.
By Corollary 7.3, there exist elements cn ∈ Ha−
pn−1
p−1 Rn such that TrRn/Rn−1 (cn) = cn−1
and c0 = 1. Deﬁne bn := ∑σ∈Gn κ(σ˜ )σ (cn) ∈ Ha−
pn−1
p−1 −pRn for n ≥ 1. Here σ˜ ∈ (OF ⊗
Zp)∗ is a lift of σ ∈ (OF/pnOF )∗. By Lemma 2.6, we deduce that
• bn − bn−1 ∈ (Tp
n−1
1 , . . . , T
pn−1
g )Ha−
pn−1
p−1 Rn if n ≥ 1 and p ≥ 3,
• bn − bn−1 ∈ (Tp
n−2
1 , . . . , T
pn−2
g )Ha−
pn−1
p−1 Rn if n ≥ 2 and p = 2,
• b1 − 1 ∈ (T1, . . . , Tg )Ha−1R1 for all p.
One then concludes that {bn}n is a Cauchy sequence of elements of R∞ converging
to a unit b∞ := limn bn of R∞ having the property that σ (b∞) = κ−1(σ )b∞ for every
σ ∈ (OF ⊗ Zp)∗. unionsq
7.5 Comparison with the sheafw[1,∞]
In this section, we work over Xr,{∞} and prove that the specialization at {∞} of the
sheaf w[1,∞] of Theorem 6.4 equals the pull back to Xr,{∞} of the sheaf w{∞} deﬁned in
Sect. 7.4.
Proposition 7.7 Let α ∈ m. For every integer k0 ≥ 1, the obvious inclusion w[pk0 ,∞] ⊂
OIG∞,∞,α,[pk0 ,∞] factors modulo α
pk0−pk0−1−1 as a morphism
w[pk0 ,∞] → OIGr+k0 ,r,α,[pk0 ,∞]
/
αp
k0−pk0−1−1.
The restriction of wI to Xr,α,{∞} is a subsheaf of OIG∞,r,α,{∞} which identiﬁes canonically
to w{∞}.
Proof Fix an integer k0 ≥ 1. Let Spf B be an open aﬃne of Xr,α,[pk0 ,∞]. Assume that
Hdg is trivial on Spf B, generated by H˜a. Fix elements c0 = 1 and, for 1 ≤ n ≤ k0 + r,
cn ∈ H˜a−
pn−1
p−1 OIGn,r,α,[pk0 ,∞] (Spf B) such that TrIG(cn) = cn−1. Complete the sequence
by choosing, for n ≥ r + k0 + 1, elements cn ∈ H˜a−p
r+k0OIGn,∞,α,[pk0 ,∞] (Spf B) satisfying
TrIG(cn) = cn−1. Set bn = ∑σ∈(OF /pnOF )∗ κ(σ˜ )σ .cn, where σ˜ is a lift of σ in T(Zp). The
sequencebn converges inOIG∞,∞,[pk0 ,∞] to a generatorb∞ of the sheafw
perf
I . ByLemma2.6,
for all n ≥ r + k0, bn = br+k0 mod mr+k0−1H˜a−p
r+k0 (resp. mod mr+k0−2H˜a
−pr+k0 if
p = 2). It follows that b∞ = br+k0 mod αp
k0−pk0−1 .
Fix now an interval [pk , pk+1] with k ≥ k0. Let Spf C be the inverse image of Spf B in
Xr,α,[pk ,pk+1]. Fix elements c′n ∈ H˜a−
pn−1
p−1 OIGn,r,α,[pk ,pk+1] (Spf C) for r + k0 + 1 ≤ n ≤ r + k
satisfying TrIG(c′n) = c′n−1 for n ≥ r + k0 + 2 and TrIG(c′r+k0+1) = cr+k0 . There is
a generator f of the sheaf wI over Spf C such that f = ∑σ∈(O/pr+kO)∗ κ(σ˜ )σ · c′r+k
mod pH˜a−p
r+k
. As in C we have αpk | p and H˜a−pr+k | αpk−1 it follows that f =
∑
σ∈(O/pr+kO)∗ κ(σ˜ )σ ·c′r+k mod αp
k0−pk0−1 . Using Lemma 2.6 onemore time, we deduce
that f = br+k0 mod αp
k0−pk0−1 . As a consequence, in OIG∞,∞,α,[pk ,pk+1] (Spf C) we have
f = b∞ = br+k0 mod αp
k0−pk0−1 . Using Tate’s traces, we get f = Trr(b∞) = b∞
mod αpk0−pk0−1−1wperf[pk ,pk+1](Spf C). As this relation holds on all intervals [p
k , pk+1], it fol-
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lows that Trr(b∞) = b∞ mod αpk0−pk0−1−1wperf[pk0 ,∞](Spf B). As a result, Trr(b∞) = br+k0
mod αpk0−pk0−1−1OIG∞,∞,α,[pk0 ,∞] (Spf B).
It follows that there is a morphism w[pk0 ,∞] → OIGr+k0 ,r,α,[pk0 ,∞]/α
pk0−pk0−1−1 which on
SpfB sends Trr(b∞) on br+k0 . It factors themapw[pk0 ,∞] → OIG∞,∞,α,[pk0 ,∞]/αp
k0−pk0−1−1.
Comparing the deﬁnition of br+k0 and the construction of the sheaf w{∞}, we obtain that
the restriction of w[1,∞] to Xr,{∞} is w{∞}. unionsq
7.6 Analytic overconvergent Hilbert modular forms in characteristic p
We now let Mr,{∞} = Mr ×WF WF,{∞}. Concretely, Mr,{∞} is the open subset of
M(μN , c) ×SpecFp WF,{∞} where
∣
∣
∣Hapr+1
∣
∣
∣ ≥ sup
α∈m
|α|.
Let us recall that we denoted by κun : T(Zp) → (ΛF/pF )∗ the universal mod p character.
Let ωκun be the pull back of ωκun toMr,{∞}. An r-overconvergent Hilbert modular form
of weight κun is a global section of ωκun . Here is the desired, à la Katz, description.
Proposition 7.8 An r-overconvergent modular form f of weight κun is a functorial
rule which associates with a tuple ((R, R+), x : Spa(R, R+) → Mr,{∞},ψ : OF ⊗ Zp 
limn x∗HDn ) an element in f (x,ψ) ∈ R, where:
1. (R, R+) is a complete aﬃnoid Tate algebra,
2. x∗HDn is the pullback of the dual canonical subgroup of level n to Spa(R, R+),
3. The isomorphism ψ is T(Zp)-equivariant,
4. For all σ ∈ T(Zp), f (x,ψ ◦ σ ) = (κun)−1(σ )f (x,ψ).
5. There exists a rational cover Spa(R, R+) = ∪Spa(Ri, R+i ) and for each i a bounded
and open subring Ri,0 ⊂ R+i such that xG|Spa(Ri,R+i ) comes from a semi-abelian
scheme G0 over Spf Ri,0 and the isomorphismψ |Spa(Ri,R+i ) comes from a group scheme
morphism ψ0 : OF ⊗ Zp → limn(G0[Fn])D deﬁned over SpfRi,0 (where [Fn] means
the kernel of the nth power of the Frobenius isogeny).
Proof Take (R, R+) as in the proposition.Without loss of generality, we can assume that R
has a noetherian ring of deﬁnition. Using (5), we observe that the rule f deﬁnes compatible
sections of H0(Spf Ri,0,w{∞})⊗Ri,0 Rwhich glue, by the sheaf property, to a section ofωκun
on Spa(R, R+). unionsq
8 Overconvergent arithmetic Hilbert modular forms
8.1 The Shimura varietyM(μN, c)G
Consider the group G := ResF/QGL2 and G∗ := G ×ResF/QGm Gm, where the morphism
G −→ ResF/QGm is the determinant. So far we have worked on the Shimura variety
associated with the group G∗. From the point of view of automorphic forms, it is useful
to work with the Shimura variety deﬁned by the group G.
Let O+,∗F be the group of totally real units of OF and let UN ⊂ O∗F be the group of units
congruent to 1 modulo N . Consider the ﬁnite group Δ = O+,∗F /U2N . For 
 ∈ O+,∗F , we
have an action [
] : M(μN , c) → M(μN , c) given by multiplying the polarization λ by 
.
The action factors through Δ (see [2, intro., p. 6]).
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Lemma 8.1 The groupΔ acts freely onM(μN , c). One can form the quotientM(μN , c)G :=
M(μN , c)/Δ. The quotient map M(μN , c) → M(μN , c)G is ﬁnite étale with group Δ.
Proof SinceM(μN , c) is a projective scheme, it can be covered by open aﬃne subschemes
ﬁxed by the action of Δ. Thus we can form the quotientM(μN , c)G . We now show thatΔ
acts freely onM(μN , c). This can be proved over an algebraically closed ﬁeld k where the
freeness of the action amounts to proving the following:
Consider an abelian variety with real multiplication (A, ι,Ψ , λ) over k as in Sect. 3 and
a totally positive unit 
 ∈ O+,∗F . Let α : A → A be an automorphism commuting with the
OF -action, the levelN structureΨ and such that λ◦α = 
α∨ ◦λ. Then α ∈ UN is a totally
positive unit, congruent to 1 modulo N .
As α respects the levelN structure, it suﬃces to prove that α is an endomorphism lying
in OF . Suppose this is not the case. Then E := F [α] ⊂ End0(A) would be a commutative
algebra of dimension at least 2g . It must be a ﬁeld, else A would decompose as a product
of at least two abelian varieties of dimension less than g, with real multiplication by F
which is impossible. As a maximal commutative subalgebra of End0(A) has dimension
≤2g, it follows that E is a CM ﬁeld of degree 2 over F . Moreover, the Rosati involution
associated with any OF -invariant polarization induces complex conjugation on E. As the
rank of the group of units in OE is equal to the rank of the group of units of OF by
Dirichlet’s unit theorem, it follows that there exists an integer n ≥ 2 such that αn ∈ O∗F
and αn−1 /∈ O∗F . Hence ζ = (α/α¯) is a primitive n-root of unity in OE . It preserves every
OF -equivariant polarization λ as λ−1 ◦ ζ∨ ◦ λ ◦ ζ = ζ ζ = 1. As N ≥ 4 it follows from
Serre’s lemma that ζ = 1 leading to a contradiction.We are left to show thatΔ acts freely
on the boundary D := M(μN , c)G\M(μN , c)G . Recall that the boundary is the union of its
connected components parametrized by the cusps of the minimal compactiﬁcation. Each
connected component of the boundary is stratiﬁed. More precisely, for each connected
component, there is a polyhedral decompositionΣ of the cone of totally positive elements
M+ inside a fractional ideal M ⊂ F determined by the cusp. To every cone σ ∈ Σ
corresponds a stratumSσ ⊂ D. By constructionof the toroidal compactiﬁcation, if 
 ∈ UN ,
then S
2σ = Sσ . We now claim that the action of Δ on the set of all strata in D is free.
This follows from the fact that the stabilizer of σ ∈ Σ is a ﬁnite subgroup of O+,∗F and
thus trivial. This concludes the proof. unionsq
8.2 Descending the sheafwκ
un
We follow closely [2], see especially Sects. 1 and 4. First of all, the weight space associated
with G is the formal scheme WGF deﬁned by the Iwasawa algebra ΛGF := Zp(OF ⊗
Zp)∗ × Z∗p. There is a natural map of formal schemes WGF → WF deﬁned by the group
homomorphism (OF ⊗ Zp)∗ → (OF ⊗ Zp)∗ × Z∗p given by t → (t2,NmF/Q(t)). This
induces a map of analytic adic spaces ι : WGF → WF . We denote by κunG := (ν, w) : (OF ⊗
Zp)∗ × Z∗p → G,∗F the universal character.
Consider the formal scheme Mr ×WF WGF . Let wκ
un
G be the pullback of the universal
sheaf to Mr ×WF WGF .
As a consequence of Lemma 8.1, the groupΔ acts freely on the formal schemesMr×WF
WGF . We denote by Mr,G the quotients by the group Δ. We now claim that the action of
Δ on Mr ×WF WGF can be lifted to an action on the sheaf wκ
un
G .
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Since wκunG is deﬁned without any reference to polarization, we have an isomorphism
μ
 : [
]∗wκ
un
G → wκunG for all 
 ∈ O+,∗F . We modify the action by multiplying μ
 by ν(
).
One then veriﬁes, see [2, §4.1], that this action factors through the groupΔ. By ﬁnite étale
descent, we obtain a sheaf that we continue to denotewκunG overMr,G . We letMr,G be the
analytic ﬁber ofMr,G anddenotebyωκ
un
G the invertible sheaf onMr,G associatedwithwκunG .
8.3 The cohomology of the sheaf ωκ
un
G (−D)
There is an obvious map Mr,G → M(μN , c)G . Let D denote the boundary divisor in
M(μN , c)G . We also denote by D its inverse image in Mr,G .
Recall that M∗(μN , c) is the minimal compactiﬁcation of M(μN , c). Certainly, the con-
struction of Mr admits a variant where one uses M∗(μN , c) as a starting point instead of
M(μN , c). Let us denote by Mr the resulting formal schemes.
We also deﬁne
Mr,G :=
(
Mr ×WF WGF
)
/Δ.
Let h : Mr,G → M∗r,G be the canonical projection. The main result of this section is the
following cohomology vanishing theorem:
Theorem 8.2 We have RihwκunG (−D) = 0 for all i > 0.
Proof This is a variant of [2, Theorem 3.17]. Recall that M(μN , c)G is the quotient of
M(μN , c) by Δ. LetM∗(μN , c) be the minimal compactiﬁcation and letM∗(μN , c)G be its
quotient byΔ.We have amap h′ : M(μN , c)G → M∗(μN , c)G . LetL be a torsion invertible
sheaf on M(μN , c)G . Then we claim that Rih′L(−D) = 0 for i > 0. This follows from [2,
Prop. 6.4]. Note that in that reference the proposition is stated for the trivial sheaf, but
the proof works without any change for a torsion sheaf.
The map h : Mr,G → M∗r,G is an isomorphism away from the cusps and in partic-
ular away from the ordinary locus, so we are left to prove the statement for the map
hord : Mord,G → M∗ord,G over the ordinary locus. In this case, the sheaf wκ
un
G (−D) is
invertible. Recall that the ring ΛGF is semi-local and complete. Let n be a maximal ideal
of GF corresponding to a character η : (OF/pOF )∗ × (Fp)× → F×q where Fq is a ﬁnite
extension of Fp. We are left to prove the vanishing for the sheaf F := wκunG (−D)/n over
Mord,G. This is an invertible sheaf on its support Mord(μN , c)G,Fq ↪→ Mord,G. Moreover,
F⊗q−1 = OMord(μN ,c)G,Fq because the order of the character η divides q − 1, and we can
conclude. unionsq
Corollary 8.3 Let g : Mr,G → WGF be the projection to the weight space.
1. We have the following vanishing result: Rigωκ
un
G (−D) = 0 for all i > 0.
2. For every point κ ∈ WG,
κ∗gωκ
un
G (−D) = H0
(
Mr,G, κωκunG (−D)
)
is the space of r-overconvergent, cuspidal, arithmetic Hilbert modular forms of
weight κ .
3. There exists a ﬁnite covering of the weight space WGF = ∪iSpa(Ri, R+i ) such that
gωκ
un
G (−D) (Spa (Ri, R+i
))
is a projective Banach Ri-module, for every i.
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Proof We have a sequence of maps
g : Mr,G g1→ M∗r,G
g2→ WGF .
The map g2 is aﬃne and therefore has no nonzero higher cohomology. Moreover,
Theorem 8.2 implies that Ri(g2)ωκ
un
G (−D) = 0. The second point follows easily.
For the last point, ﬁx some open Spa(Ri, R+i ) ⊂ WGF . Since the sheaf ωκ
un
G (−D) is invert-
ible, there is a ﬁnite covering∪Spa(Si, S+j ) ofMr,G|Spa(Ri,R+i ) such that the sheafω
κunG (−D)
is trivial on every open of this covering. Arguing as in [3, Prop. 6.9], one proves that
each Si is a projective Banach Ri-module. We can form the Chech complex associated
with the covering ∪Spa(Si, S+j ), which, by (1), is a resolution of gωκ
un
G (−D)(Spa(Ri, R+i )).
Moreover, each term appearing in the complex is a projective Banach module and thus
gωκ
un
G (−D)(Spa(Ri, R+i )) is a projective Banach module. unionsq
8.4 Koecher principle and q-expansions
Consider the open moduli schemeM(μN ) in place ofM(μN ). Correspondingly we obtain
anadic open subspaceMor of the adic spaceMr introduced inSect. 6.4. Let go : Mor → WF
and g : Mr → WF be the structural maps. Similarly, in the arithmetic case we have an
adic open subspace Mor,G of the adic space Mr,G and we denote again by go, resp. g the
structural morphisms to WGF (see Sect. 8.2). The Koecher principle states that:
Proposition 8.4 The natural morphisms go∗ωκ
un → g∗ωκun and go∗ωκ
un
G → g∗ωκunG are
isomorphisms.
Proof Since the complement ofM(μN ) inM(μN ) is contained in the ordinary locus, one
may restrict to proving the two assertions on ordinary loci. This is classical: Unraveling
the constructions one is reduced to prove the claims for the structural sheaves on the adic
Igusa tower. This can be proven at the level of formal schemes and then, by devissage,
reducing to the Igusa tower IGord,on ⊂ IGordn modulo p overM(μN )ordFp .
Let fn : IG
ord
n → M(μN )ordFp be the structural map. Notice thatM(μN , )ordFp is smooth, the
minimal compactiﬁcationM∗(μN )ordFp is normal and themap γ : M(μN )
ord
Fp → M
∗(μN )ordFp
is proper birational and it is an isomorphism outside a codimension 2 locus. Then
γ∗fn,∗OIGordn is a coherent OM∗(μN )ordFp -module of normal rings and γ∗fn,∗OIGord,on is the
complement of a codimension two loci. Thus themap on global sections γ∗fn,∗OIGordn,r,α,I →
γ∗fn,∗OIGord,on,r,α,I is an isomorphism concluding the proof of the Proposition. unionsq
The restriction of our construction to the ordinary locus gives back the theory of families
of p-adic modular forms of Katz [14] and Hida [11]; see [4, §5.4] for details. In particular,
one gets q-expansions at the cusps.
8.5 Hecke operators
Consider a polarization module c as in Sect. 3. In this section, we work with the open
moduli scheme M(μN , c) in place of M(μN , c) in order to avoid the problem of ﬁnding
toroidal compactiﬁcations preserved by the Hecke operators and we will use the Koecher
principle to extend these operators over the cusps. Corresponding to the open subscheme
M(μN , c) of M(μN , c), we get an open formal scheme Xor (c) of Xr(c), proceeding as in
Sect. 3.4.
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Let  be an ideal of OF prime to N . If  is not prime to p, we assume that it is either
equal to pOF or that it is prime. Proceeding as in [2, §3.7], we consider the normalization
S,r ⊂ Xor (c) × Xor (c) of the Hecke correspondence classifying isogenies π : G → G′,
whereG andG′ are deﬁned by points ofXor (c) andXor (c) respectively and π is an isogeny
of degree |OF/OF | compatible with OF -actions and polarizations, Kerπ ⊂ G[] and
such that (1) Kerπ is étale locally isomorphic to OF/OF , if  does not divide p or (2)
the scheme theoretic intersection of Kerπ with the canonical subgroupH1 ofG is trivial,
if  is prime and divides p or (3) the morphism Kerπ → G[p]/H1 is an isomorphism, if
 = pOF .
We have the two natural projections p1 : S,r → Xor (c) and p2 : S,r → Xor (c).
Lemma 8.5 The universal isogeny π induces an isomorphism π∗ : p∗1wI → p∗2wI , of the
pullbacks via p1 and p2, respectively, of the invertible sheaves wI on Xor (c) and Xor (c),
respectively, deﬁned in Theorem 6.4.
Proof Over WF,[0,1] this is the content of [2, Cor. 3.25] using the compatibility given in
Theorem 6.7.
We deal with the general case. It follows from [3, Rmk A.1] and our assumptions on
π that the isogeny π : G → G′ induces an isomorphism from the canonical subgroup
of level n of G to the canonical subgroup of level n of G′. This implies that π deﬁnes an
isomorphism of the pullback toS,r via p1 and p2 of the Igusa towers. By the functoriality
of the Hodge–Tate map we also get an isomorphism p∗2F → p∗1F of themodiﬁed integral
structures F of ωG′ and ωG of Proposition 4.1. Thus we get an isomorphism p∗2Fn,r,I →
p∗1Fn,r,I of the pullback to S,r of the torsors Fn,r,I of Sect. 4.1. Due to the normality
of S,r , we get an isomorphism of the pull backs of the sheaves p∗1wn,r,I → p∗2wn,r,I of
overconvergent forms deﬁned in Proposition 4.3.
Similarly, π deﬁnes an isomorphism between the pull backs of IG∞,∞,I via p1 and
p2 respectively (see Sect. 5.2 for the deﬁnition). The analog of Lemma 5.4 over the base
S,r provides an isomorphism between the pullbacks via p1 and p2, respectively, of the
sheaves wperfI of perfect overconvergent forms deﬁned in Proposition 5.5. Thanks to the
normality ofS,r we deduce the sought for isomorphism of the pullbacks via p1 and p2 of
the sheaves wI . unionsq
Using the conventions of Sect. 6.3, we also have the normalization of the Hecke corre-
spondences p1 : T,r → Zor (c) and p2 : S,r → Zor (c) deﬁned over the Iwasawa algebra. As
above we denote by Zor (c) the open formal subscheme of Zr(c) associated with M(μN , c).
Following thenotationsof Sect. 6.4,we letMor (c) be the adic analytic ﬁber ofZor (c)×W0F WF .
Corollary 8.6 The map π induces an isomorphism
π∗ : p∗1ωκ
un → p∗2ωκ
un
of the sheaves ωκun deﬁned over Mor (c) and Mor (c) respectively.
Proof We have a morphism g : S,r → T,r compatible with the natural projections
Zor (c) → Xor (c) and Xor (c) → Zor (c). As in Theorem 6.6(1) and using the normality of T,r ,
one obtains that the natural morphism OT,r → g∗OS,r is an isomorphism. This implies
that the isomorphism of Lemma 8.5 induces an isomorphism of the pull backs via p1 and
p2, respectively, of the invertible sheaves wκ deﬁned on Zor (c) and Zor (c), respectively.
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Taking adic analytic ﬁbers and twisting by the invertible sheaf wχ as in Sect. 6.4 we get
the claimed isomorphism. unionsq
Let q := |OF/OF |. In order to deﬁne the Hecke operators, we will need the following:
Lemma 8.7 (1) The morphism p1 is ﬁnite and étale of degree q + 1 if  is prime to p.
(2) At the level of analytic ﬁbers, the morphism p1 is ﬁnite and ﬂat of degree q if 
divides p.
Proof The ﬁrst statement is clear. We prove the second statement: The group scheme
Kerπ ∼= G[]/H1[] is ﬁnite étale at the level of analytic ﬁbers due to [3, Cor. A.2].
Since it is isomorphic to H1[]∨ it follows from Proposition 3.2 that it is in fact étale
locally on Mor (c) isomorphic to OF/OF . Since p1 is represented over Mor (c) by the OF
splittings of the exact sequence of group schemes (withOF -action) 0 → H1[] → G[] →
G[]/H1[] → 0, it follows that p1 is a torsor under the ﬁnite and ﬂat group schemeH1[].
This proves the claim. unionsq
Denote by g the structural maps of Mr(c) and respectively Mr(c) to the weight space
WF and by go their restrictions to Mor (c) and respectively Mor (c). Taking the global
sections of the sheaves ωκun over Mor (c) and respectively Mor (c), we get the morphism
go∗ωκ
un → go∗
(
p1,∗
(
p∗2ωκ
un)) π
∗,−1
−→ go∗
(
p1,∗
(
p∗1ωκ
un)) q−1 Trp1−→ go∗ωκ
un
Here Trp1 is the trace map of the ﬁnite ﬂat morphism p1. One checks on q-expansions
that dividing by the normalization factor q is a well-deﬁned operation. Using the Koecher
principle of Sect. 8.4, we get a map g∗ωκ
un → g∗ωκun from the global sections of ωκun over
Mr(c) to the global sections over Mr(c), which are denoted T, for  not dividing p, and
U, for  = pOF or a prime ideal dividing p. This provides the deﬁnition of the Hecke
operators for the overconvergent (cuspidal) forms deﬁned in Theorem 6.7 for the group
G∗. Taking the quotient under the group Δ, we deﬁne such Hecke operators also for the
arithmetic overconvergent cuspidal modular forms deﬁned in Sect. 8.2 for the group G.
8.6 The adic eigenvariety for arithmetic Hilbert modular forms
In [2, Theorem 5.1], we constructed a cuspidal eigenvariety over WGF \{|p| = 0} for the
p-adic, arithmetic Hilbert modular forms. We now extend it over WGF .
Let Frac(F )(p) be thegroupof fractional ideals prime top. LetPrinc(F )+,(p) be thegroupof
positive elements which are p-adic units. The quotient Frac(F )(p)/Princ(F )+,(p) = Cl+(F )
is the strict class group of F .
For all c ∈ Frac(F )(p), we have deﬁned an adic space Mr that we now denote by Mr(c)
in order to mark its dependance on c and a sheaf ωκunG over Mr(c). Let gc : Mr(c) → WGF
be the projection. For all x ∈ Princ(F )+,(p), we canonically identify (gc)ωκunG (−D) and
(gxc)ωκ
un
G (−D) as in [2, Def. 4.6].
Taking the limit over r, we thus obtain a sheaf of projective Banach modules
⊕
c∈Cl+(F )
(gc)ωκ
un
G (−D).
Thanks to Sect. 8.5 this sheaf carries an action of the Hecke algebraHp of level prime to p
as well as an action of theUp operator and of the operatorsUPi (see [2, § 4.3]). Moreover,
having taken the limit over r implies theUp-operator is compact thanks to Proposition 3.3.
Applying [3, Appendice B], we obtain the following theorem.
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Theorem 8.8 1. The characteristic series
PG(X) = det
⎛
⎝1 − XUp|
⊕
c∈Cl+(F )
(gc)ωκ
un
G (−D)
⎞
⎠
takes values in ΛGF X.
2. The spectral variety ZG = V (PG) → WGF is locally ﬁnite, ﬂat and partially proper
over the weight space.
3. There is an eigenvariety EG → ZG, ﬁnite and torsion free over ZG, which parame-
trizes ﬁnite slope eigensystems of overconvergent, arithmetic Hilbert modular forms.
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